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T O 
The Right Honourable, 

JOHN 

Lord HOPE. 

My Lord, 

H E great perfection your Lord- 
(hip has arrived at in the know- ■ 
ledge of Arts and Sciences, makes 
Be prefume to dedicate to your Lordftiip 
the following meets. Should I follow the 
common practice of Authors, it would 
offend that native modefty which renders 
a x your 
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yonr Lordfhip no lefs conspicuous, than 
ypur regard for, and inclination to pro- 
mote Learning : I {hall therefore forbear, 
and only beg leave to conclude, that I arn, 
with the greateft refpeft, 



My I ? oi^D | 



Tour LordJhip'§ 



tftoft obedient humble Servant* 



Rich?. Jack, 
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PREFACE. 

\AT H E MAT! CKS, which is eft be 
utmoft importance with re/petit to our 
commerce, fecurity, and, in general, 
all the affairs of life, has, for the mo fi part in 
all its branches, been, by very able mathemati- 
cians, treated of in the Eaglilh language in a fuU 
and learned manner. That which is mofi defe-t 
Hive feems to be the Conic Sections, few ha- t 
visg, in all their mathematical writings, fi much 
as touched on their frft principles ; and thofe 
uuho have, treat them in fuck an obfcure and 
intricate manner, as render them intelligible. 
only to thofe who have made a considerable pro- 
grefs both in the elements of geometry and al- 
gebra ; by which means Gentlemen are either to- 
tally deprived of that valuable part of geometry, 
which mighf be ofconfiderable advantage to them % 
or laid under an indifpenfible neceffHy of learn- 
ing wholly the elements of algebra. There are,, 
it is true, exclujive of A^Qllonius and the com- 

men- 
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went at or s on him, fever a I very learned per for* 
mantes on that fubjeff, by Mydcrgius, Vincen- 
tio, Vivani, De Wit' s fir ft book, and De la Hire, 
whofe demon ftrations are purely geometrical ; 
but as thefe learned Gentlemen have, for the 
general benefit of Europe, wrote in Latin, a per- 
formance of this kind feem'd much to be want- 
ed, as there are a great many in Britain who 
take pleafure in, #nd' have alfo a genius ex- 
tremely well calculated for improving mathe- 
matical learnings but who have not made fuch 
advances in that language, as to render fuch 
performances ufeful to them. And what makes 
them lefs ferviceable to thofe who underftand 
the language is, that their demonftrations de- 
pend upon a vaft field of principles, which muft 
necejfarily con fume a great deal of time to be to- 
lerably acquainted with ; the fir ft three, as well 
as the ancients, including a great number of 
lemmas, and their principal properties all de- 
monftrated from the various feft ions of the cone. 
Though De Witt and De la Hire, from the ex- 
ample of ©r. Wallis, feem to unvail the writ- 
ings of the ancients in one particular, by de^ 
/bribing the curves on a plane, and from thence, 
demonftrate their pr&cipal properties ; yet nei- 
ther of their treatifes appear to be rightly cal- 
culated for a young geometrician, both being too: 

fuper^ 
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fuperficial, efpeiially the firft, which contains 
no more than eighteen propofitions, and is very 
perplexed 'with r -efpett to their description, from 
the various interferons of lines cutting one an- 
other at certain angles * f 

THE R E is one Hot yet mentioned whofi 
performance is worthy of the author, being 
wrote in fuch an elegant manner, and with fo 
true a geometrical fpirit, as renders it inferi- 
or to none of the ancients, and fuperior to all 
the moderns. I fuppofe few will be at a lofs 
to apprehend that I mean Mr. Robert Simfon 
frofejfor of mat hematic ks in the college of Gla£ 
gow. Had that incomparable geometrician been 
f leafed to write in Engliftr, though it would 
have been a confiderable lofs to Europe, by con- 
fining fuch a valuable work to the fcanty li- 
mits of Britain, and had he enunciate all his 
fropofitions in general, and lefs compounded his 
demonftrations, we Jhould have had fo complete 
afyfiem of conic fe£lions, as would have put a 
flop to writing on that fubje£l a confiderable 
time} but his demonftratioits, though worthy 



* De la Hire publifliecf a very full treatise of Conic Sections at 
taris 1685, but ft labours uikder.thc fame inconveniences iffidk 
ftofe already mentioned. 
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ttfa great geometrician, are fo much compound- 
id, as render them fcarcely intelligible to thofe 
*&ho have read nothing On the fame fubjett be- 
fore, at lekft, it requires 4 great deal of la- 
bour to comprehend thefn ; and ihe demonstra- 
tion of a great many of his problems depend up- 
on EfcclidV data, which fe<$ young geometrici- 
ans can bit fuppbfed to be acquainted witti. 
Tbefk confiderations chiefly induced mi to pub- 
lijh the following treaiife, ubhich may be eafi- 
ly read with no more than a tolerable knew* 
ledge of the fir ft fix books of Euclid, and thf 
fir ft fix teen propofit ions of the eleventh book\ 

1 Jhall now proceed to gi*be a sketch of ihti 
teork itfelf 

THE generation of ihe curved 1 have to* 
ken from Jit PHolpital, thinking his manner 
tnore fimple than thai ofT)r. Wallis, De Witt, 
pe la Hire, or Oznam, and have all along beeti 
particularly careful to exprefs the enunciati- 
ons in general \ and in fuch terms as contain rio* 
ambiguity, becaufeit is the enunciation on Ey can 
communicate to the reader a diftinff Idea of the 
propofition, and by exprejfing them in general,* 
be is lefs liable to mifapprehend the meaning- 
of a propofition than by particular enunciati- 
ons? 
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ins: For ifive confider the unripened ideas of 
ihofehho aire learning the firft ruditnents of geo- 
metry, which may be fo confitted, that they "Wilt 
only be able to confider the terms modi itfe ofti 
cMwtinicdte the propofition ta them, we jbtli 
find this method wry necejfary: But to hake this 
pint ftill clearer, I fhall fuppofe the fixieentti 
fropofition of the fir ft book 0/ Euclid vitas fitted 
thus, If the triangle ABC has the fide BC pfbdn*' 
ccd to D, the angle ACD is greater than the angle 
ABC or CAB ; by expreffing it in this manner 
they may be fo fat from comprehending the ifud 
meaning of the propofition, As to conclude with . 
thimfelver that this is not an univerfal pfd- 
ferty of the whole gtkus of right lined tri- 
eugles, but of that particular one / iuheread 
this inconvenience inay be eafily ptoVidid 4* 
gainft by enunciating it in gene fat thus, If any 
right linecf triangle has any one of it* fides produ- 
ced, the outward angle is greater thim either of 
the fawaifd oppofite angles ; where the words 
made ufi of are not only univerfal 9 but fb ftri~ 
king, that the weakeft capacity at firft muft nit* 
Jtifiand the true meaning of it. 

» 
TUTS Euclid has cai-efulty avoided, keing 
too great a geometrician not to fore fee the bad 
tonfequettces that particular enunciations mdjf 

be 
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be attended with, for which he has juftly met 

with the general approbation of the great eft 
and wifeft men that have appeared fince his 

time \ which is abovt two thou f and Tears. Prom 
his example it is f that I have for the mo ft part 
repeated the enunciations at the end of each 
propdfition, except in the fecond and third books, 
where their prolixity would have fwe lied the 
book to too great a length ; and in the demon- 
ftrations I have endeavoured to keep clofe to his 
ftile ; and to 1 render them ft HI more eafy, in the 
mo ft Jimp le part of the conftruffions T have quo- 
ted bis authority, 

- SEVERAL of the moderns of no frnall 
note, in their geometrical writings, exclaim a- 
gain ft the demonftrations of the ancients, which, 
from the infancy of geometry until De$ Cartes, 
ivere juftly admired and univerfally applauded, 
and in their place fubftitute arithmetical calcu- 
lations, whitfh, in their ultimate conclujions, 
to me appear no more than begging the que ft i- 
xm, and taking the whole elements of their geo* 
met ry for granted. For to maintain that thefe 
demonftrations, founded upon the calculations of 
algebraic equations, are juft, it is the indi/pen- 
ftble bufinefs of the demonftrator to demonftrate 
thefe principles, upon which he builds his der 
4,11 " ■ ■* mon- 
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tnonfirationsj which is a task that no author on 
I algebra as yet, that 1 know of, has been able 
to accomplifl? : But admitting their principles 
to be really demonfirated, in that cafe it mufi 
ftill be allowed \ that geometrical demonfiration 
is vaftly more natural^ fo far as it is more na- 
tural to reprefent a triangle by a triangle \ a 
circle by a circle \ or any other geometrical fi- 
gure by it fe If than, in a dark and obfcure man- 
ner, by the alphabetical letters a, b, C, &c, 

THE advantages the one has above the o~ 
ther cannot be inferior to that which the Egy- 
ptians in a fuperlative degree experienced from 
the invention of writing, compared with that 
imperfect method they had before of communis 
eating to one another the ideas they had formed 
of men and things by hieroglyphic ks< 

BESIDES, by the method of the anci- 
ents, a whole field of beautiful truths pre fents 
itfelfin the very cqnftruttion of the figure y and 
various, though equally jufi, demonfirations of 
the fame or different properties receive their 
birth in our ideas from the fimple compdrifon 
of the different parts of the conftruttion y where- 
as the demonfirations introduced by the arith- 
metical geometricians* from the different Jteps 

b * of 
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pfan equation, are not only dark in t hem/elves f 
frvt* when they have arrived at their hft coth 
flu/ion, few are capable if forming ajuft idea 
jtfthe re a fins for taking thefe fieps in that ten* 
tain and particular order they have made uft 
pfto acquire the truth d&monflrated : Nay the 
feventh* fight h <tnd ninth hooks of Euclid, to 
me are a pregnant proof that arithmetical or 
algebraical calculations \ are Jb far from being 
proper to demonstrate geometrical theorems* 
that they are fcarce capable of demonfirating 
th t efr own principles, but muft have refonr/e 
fo geometry i it is therefore furprifing that 
fuch a leatned and nccomplijhed mathematician 
fs *Dr. Wallis fizould exprefs himfelf in the, 
manner ha does, i% his opera math^matica, vo& 
f . page z$6. in his preface to his Conic Secti- 
ons ; he fays, f That he rather choofes to det 
monftrate his propofitions by arithmetical calcula- 
flora, than by lined dempriftrations, as they are 
no Ids fcitntific* and more perfpicuoqs, fimpls 
jmd uniycrial ; neither has anyone (that he knew) 

denied 



* PmcmfttratipQibus etiam pottis tx ^ithmeticq calcujo petitq; 
p*m agen? t quam finearibusj cum illae nee minus fcientificge lint, 
& magis perfpicuae, fed $c fimpliciorcs funt atque- magis umverfales 5 
pec qnifqtam eft (quod fdam) qui demonftrationes arithmetic^* ty 
rpometrta ^dmittendas iiegaYerij. * "' .' ' '* 
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I foiled' to admit arithmetical demonftrations into 
I geometry. 4*d Mr. Jones* in bis preface te 
his fynopfis palmariorum mathefeos, not only is 
of the fame opinion, but mqkes ufe of the very 
fame wvrds with 2)r. Wallis. To them I might 
add fever al others, which I purpofely omit, 
left I Jhould /well this preface fo a create? 
length than I intended. 

I hope, from what I have /aid, n»m will 
fu/pefif me an enemy to algebra ; that was by 
no means my dejign, but only to Jhow the in? 
tonfiftency of demonftrating geometrical theo- 
rems by it : For my own part, I look upon al* 
gebra as one of the valuable and ufeful parti 
of the mathematickfs its conclufions are juft % 
and operations univerfal % and never feems t$ 
out of its fphere, but when applied to geih 
metrical demonftrations. In this Mr. Oznan* 
agrees with me > for though, in his preface to 
his treat i/e of Conic Seffions, he fays \ * That 
that treatife was compofed principally for the be- 
nefit of thole who have an inclination to know 
the foliation of equations of more than two dimen- 

fion$ 
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* Ce traite* ayant etc* cqmpost principalement en favcur de ceux 
qui defirent foavoir rtfoudre les equations de phis de deux din^nG-. 
pa$ par le moyen <jes fettions coniques, &c. 
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fions by the afliftance of Conie Se&ions ; yet he 
for the mo ft fart dctnonftrates his theorems geo* 
metrically. But to return : 

THE order of the propofitions is different 
from Mr. SimfonV, fome of his corollaries^ 
which appeared intricate^ are made propofiti- 
ons, and fome of his propofitions are made co- 
rollaries i fever al of his demonftrations are re- 
tained, thofe paffages in them nsfhich (ire per- 
plexed being explained. 

THERE are fome proportions inferted 
that I found not in any author that I met 
with y particularly the nineteenth proportion 
of the firft book, with its two fir ft corollaries \ 
the twenty fixth of the fecond, and thirty fe- 
cond of the third book. The demonjiration of 
the nineteenth propofition of the firft book is a 
little tedious and particular y becaufe the dia- 
meter cut by the tangent is on the fame fide of 
the axis with the point of contact y and were 
they on different fides \ the fame conftru&ion 
and demonjiration would not anfwer ; but the 
general demonjiration may be eafily conceived 
from the following conftruttion : From the ver- 
tex of the diameter cut by the tangent, draw an 
ordinate to the di^niefer which is d^wn through 

th« 



PREFACE. 



XI 



I the point of contadt, then will the fquare of the 
fegment of the tangent, intercepted between the 
point of contact and the diameter cut by it, be c- 
qual to the fqiiare of that fertri-ofdinate that is {by 
cor. i. prof. 13 and prop. 15*.) four times the 
Mangle contained between the abfcifi of the dia- 
meter (cut by the tangent} to the ordinate d^awn 
through the point of contad, and the fegment of 
the fame diameter intercepted between the dire- 
ftfix and perpendicular. The other part of the? 
demonftration goes on ih the fame manner with 
that of the propofition it/elf; the only reafon 
i&by I made choice of the other was, that from 
this could not be drawn the two firfl corolla- 
ries^ and for the fake of them it was introdu- 
ced. The twenty fecond and twenty fifth pro* 
fofitions in the fecond book may be conftrutted 
and demonftrated in the fame manner, and re- 
fpettively in the fame words with the thirty 
fourth and thirty eight propofitions in the third 
book. I defigned to add the fir ft principle s\of 
*\e cycloid (M^ tfjfoid, but the book having al- 
ready fwellfd beyond what I fir ft defigned\ Jball 



leave them to another opportunity. 



ERRA. 



L 




E R ft A T A. 

$4g£ 7. line 10; for lefi read greater. P. iyfirfl citation: i: 
4E. 1. 1. P. 25*. /. 11. r. GE. P. jo. /. if. /orfegmeut 
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laft citatUn, r. pr. 1. P. iyj. /. 17. far MK r. BK. P. 148 
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i#. /. 2y. r. NOYI. P. 156. r. *fotfy.r ONIY. P. 176. /. jv 
r. QP. Ibid. /. 23. r. PR. P. 177. /. 5V dele is, P. 221. /. 9* 
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parallel to the fecond diameter, which is conjugate to CB, r. pa- 
rallel ta the ordinate of the diameter drawn through the pointof 
coot*6t P. 18& /- 17. r. GD. P. 289. /. jj. r/CB. 
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Conic Se&ions. 



BOOK I. 
Of the PARAB LA. 



DEFINITIONS. 

LT E T AB be any right line* and C 

JL* any point taken out of it* and 

DEF a fquare* which let be placed in 

the fame plane in which the right line 

and point are* in fuch a manner that 

one fide of it* ^xDE, be applied to the 

right line AB, and , the other fide EF 

s co'mcide with the point C, and at F, the 

extremity of the fide EF, let be fixed 

one end of the thread FGC, who ft length 

f is equal to EF, and the other extremity 

of it at the point C, and let part of the 

thread* as FG, be brought cloft to the 

fide EF by a fmall pih G ; then let. the 

A fquare 
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ffHare DEF bemov 9 dfrom B towards k % 
Jb that all the while its fide XX&be ap- 
plied clofe to the line BA, and in the 
mean time the thread being extended 
will alwdys be applied to the fide EF, 
being ft opt from going from it by means 
of the finall pin ; and by the motion of 
the finall pin G there will be defer ibed 

a certain curve 9 which is called a femi- 
parabola. 

And if the fquare be brought to its 
firft given pofition, an din the fame man- 
ner be mov*d along the line AB from B 
towards H, the other femi-parabola will 
be defcribed. 

This curve line may alfo be extended 
from the point C to a diftance greater 
than any given diftance ; viz. If a fquare 
be taken, the length of whofe fide EF 
exceeds that given diftance, alfo th( 
whole curve line will lie between the 
line AB and the point C. 

II. The right line AB is called the 
line of direction, or the dire&rix. 

III. The point C is called the focus of 
the parabola. 

IV. JU 
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IV. All right lines \ that are drawn 
at right angles tQ the line of dire ff ion; 
are called diameters ; and thefe points 
where they cut the parabola are called 
the vertexes of thefe diameters \ 

V. The diameter which pajfes through 
the focus is called the axis of the far a- 
bola, and its . vertex is called the prin- 
cipal vertex, 

VI. A right line which Is terminated 
hoth ways by the parabola^ and blfefted 
by any diameter ; that line is called an 
ordinate to the dlam'eter* 

VlI.That fart of any diameter which 
is intercepted between an ordinate and 
the vertex of that diameter U called, 
the abiciis of that ordinate \ 

VIII. A right line, which is four 
times thatfegment of the diameter which 
is intercepted between the line of dire- 
ftion and its vertex, is called the pa- 
rameter or Utus re&um of that diameter \ 

A % 1X4 
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• * 

IX. A right line which touches the 
parabola in one point > and being produ- 
ced both ways falls withputit, is called, 
a tangent to the parabola. 



PROPOSITION I, 
Theorem I. ■ 

If from any point in a parabola a right 
line be drawn at right angles to the 
line of dire B ion, that line will be e~ 
qual to a right line drawn from $he 
fame point to the focus \ 

LET GIK be any parabola* whole 
diredtrix is AB, and focus C, and 
from any point in it, as G, the 
right line GE is drawn perpendicular to 
N the dire&rix AB, cutting it in E ; ^nd let 
the line GC be drawn from the fame point 
to the focus. I lay, GE is equal to GC 
> For letEFbe equal to the length of the 
fide of the fquare, with which the parabo- 
la was defcribed, then, by the generation 
pf the parabola, the line EF is equal ta 
jrjie generating thf ead FQC , and if from 
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* * 

both the common partFG be taken, there 
will remain GE equal to GC. 

Therefore, a right line drawn from a- 
ny point in the periphery of the parabola^ 
perpendicular \ to the direffrix, is equal 
to a right line drawn from the fame 
Point to the focus, which was to be eta 
monftrated. 

Cor oil. From hence it follows, that the 
fegment of the axis, which is intercept- 
ed between the diredtrix and the focus, 
is bifeded in th? principal vertex of th* 
parabola. 

PROPOSITION II. 
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Theorem II. 

If the diftance of any point from the fo- 
cus of a parabola be equal to a line 
drawn from the fame point perpendi- 
cular to the line of direction, that 
point will bq in the periphery oftb* 
parabola, 

LE T there be any parabola, whofe line 
of direction is AB, and its Focus C* 
$ifl D any point taken in iuch a manner, 

that 
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that DC its diftaace from the focus is e- 
qual to DE, a right line drawn from the 
feme point perpendicular to the dire&rix 
AB, I fay, that D will be a point in the 
periphery of the parabola. 

? Ptfin- u For if D is not in the periphery, * then 
muft the parabola cut the linesDC or DE 
in fbme other point. Firft, ifpoflSble, let it 

\\%El i. cut the line DC in F, and from F f draw FG 
perpendicular to AB, and join EC. Then, 
becaufe F is a point in the periphery of 

i prop. i. the parabola, FG is equal to FC ; £ alfo, 

«f **"• becaufe DE is equal to DC, the Angle 
DEC is equal to the angle DCE. But the 
angle DEC is equal to the angle FHC X 

»*9£,/ t i. * therefore the angle FHC is equal to the 
angle FCH, and confequently the fide FH 

ies.l i. is equal to the fide FC f . But FC is equal 
to FG, therefore FH is equal to FG, a 
part to the whole, which is abfurd. 

Neither gan the parabola cut the line 
t)E in any other point than D. For, if 
poffible, let it cut it in I, then will IC be 

tieftbis. equal to IE.J Add ID to both, fo that 
DI and IC will be equal to DE. But DE, 
by the hypothefis, is equal to DC, there- 
fore DC is equal to DI and IC, that is, 

one 
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one fide of a triangle equal to the other 

two fides, * which ii abfurd. *2o£./-r; 

Therefore, if the di fiance of any point 
from the focus of a parabola, be equal to 
a line drawn from the fame point per* 
pndicular to the line of direction* that 
point is in the periphery of the parabo^ 
la, which was to be demonftrated 

Cor. i. From hence it follows, that the 
diftance of any point from the focus, 
which is between the periphery and the 
axis, is lefs than a right line drawn from 
the fame point perpendicular to the line 
of dire&ion ; becaufe, by the demon- 
ftration, FH was proven equal to FC. 
But FH is lefs than FG, therefore FC is 
alio lefs than FG. 

Cor.z. Hence it alfb follows, that the di- 
ftance of any point without the parabo- 
la, from the focus, is bfe than a line 
drawn perpendicular from the fame point . 

to the line of direction. For, becaufe 
the angle DCE is equal to the angle 
DEC, therefore the angle ICE is lefs 
than the angle IEC ; and confequently 
* the fideIC is greater than the fide IE. **9E.i. u 

Cor. 




as 
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/Um i^ Or, 3 . From heiice it likewife follows, 
^Aur ^ *^hat if the diftance of any point from 
*a^^%^MUihe focus of a parabola be cither lefs or 
axU* H>*aM*K greater than a line drawn from the fame 
mc uk *clm*J* point perpendicular to the diredfcrix, in 

f^*Lr£l* ^ ^ e ^P ^ is €it h« between 
HtJi&t om*i»* the periphery of the parabola and itsfo- 

fU ^ §4f ^Ju cus * ot m axis ; ^ in ^ e ^ ca ^ C 
i^u* /^**r^ the point is without the circumference* 



UJY /l/f *** 
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PROPOSITION III. 
Theorem III. 

If any right line be drawn through the 
focus, that line produced will cut the 
periphery of the parabola. 

E T AB be any parabola, and its focns 

C, and through C let any right line, 

foch as CD, be drawn. I fay, that CD 

produced will cut the parabola. 

. For, produce the axis CB, and let it cut 

the directe in E. Bifed: the angle ECD 

*?E.i.x. * with the line CF, which cuts the directrix 

f»i£.J.i. in Fj and through F, draw FG f parallel to 

the axis EC. Then, becaufe the line FG 

is parallel to EC, the angle ECF is equal 

to 
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to the angle CFG : % But the ari g le ECF is i^E.L u 

fqual tt> the angle ^FCD, therefore the 

angle CFG is equal to the angle FCD; 

and becaufe the angle ECD is lefs than 

two right angles* therefore the two angles 

CFG/ FCD taken together are Ids than two 

fight angles, and confequently the two 

lines CD and FG produced will meet, which 

let be ih the point H; that point H is * 

point in the periphery of the parabola. 

For, becaufe the angle HCF is equal to 

the angle HFC, the right line HC is equal 

to the right line HF*v and eonfequently * 6ELl - 

the point H is a point in the periphery of 

the parabola, f ^ 10/ this. 

Therefore, if any right line be drawn 
through the focus \ that right line pro- 
duced will cut the periphery of the pa- 
rakla, which was to be demonftrated. 

PROPOSITION IV. 

? H E 6 * £ M IV< 

• • • , , 

Any right line drawn perpendicular to 
the line of direction cuts the parabola 
in one point only, and below that 
point the line will fall within the 
parabola, 

B LET 
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E T AB be any parabola, its focus C, 
and liije of dire&ion DE ; and let DA 
be drawn perpendicular to the dire&rix 
DE. I lay, DA will cut the parabola in 
one point only, and below the point A 
will fall within the parabola. 

For, join DC, and with the line DC, 
and at the point C, conftru& the angle 

? *3 £./.!. DC A equal to the angle ADC *, and let 
the line AC meet DA in A. Then, be- 
caufe the angle ACD is equal to the angle 

|6E./. i. ADC, the line AC is equal to AD, f and 

\iof this, confequently the point A £ is a point in 
the periphery of the parabola ; and if any 
point be taken in the line DA produced, 
as F, I fay, that point F is within the pa- 
rabola. For, join FC ; then, becaufe the 
angle ACD is equal -to the angle ADC, 
therefore the angle FCD is greater than the 
angle FDC, and consequently the fideFD 

* i9£. /. i. oppofite to thegreater aiigle FCD is * great- 
er than the fide FC oppofite to the finaller 

jcor.i.fr. angle; therefore the point F -\ is within the 

**'*"' parabola. 

Therefore, any right line drawn per- 
pendicular to the line of direction cuts 
the parabola in one point only, and be- 
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• • • 

ing produced, will always fall within 
the parabola ; which was to be demon- 
strated. 

PROPOSITION V. 

T H E O R E M ' V« 

If a right line be drawn from any point 
in the periphery of a parabola, bife- 
tting an angle which is contain' d be- 
tween two right lines drawn from 
the fame point, viz. one to the focus y 
and the other perpendicular to the di- 
rectrix, that line is a tangent to the 
parabola. Alfo, a right line drawn 
perpendicular to the axis, from the 
principal vertex \ is a tangent to the » 

parabola. 

FIRST, let A be any point taken in 
the periphery of the parabola AB, 
Whole focus is C, and dire&rix DE ; and 
let AD be drawn perpendicular to the di- 
tettrix DE, and AC join'd to the focus, 
and let AF be -drawn bife&ing the angle 
PAC. I lay, the line AF is a tangent to 
the parabola. 
For, in the line AF produced take any 

Bz point, 
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point, fuch as G, and join Gp ? GC and 
DC, and from G draw GH perpendicu- 

f »£.l.i. Ik * to tnc dircdrix, and cutting it in 
H. Then, becaufe A is a point in 

1 1 0/tJus. the parabola, AD is equal to AC, f and 
AF common, and the angle DAF e- 
qual to the angle CAF ; therefore DF is 

tf B : L *• f equal to FC, and the angle AFD equal 
to the angle AFC. Again, becaufe DF is 
equal to FC, and FG is common, and 
DFG equal to the angle GFC, therefore 
GD is equal to GC. But becaufe the tri- 
angle GHD is right angled at H, GD is 

f }9 E.i. i. greater than GH,* wherefore GC is alio 

^ C ofilif : S reater t $ an ^ H * therefore the point G f 

* 0/ ? "■ is without the parabola ; and after the lame 
manner may any other point in the line 
AF be proved to be without the parabola; 

*i>ef. 9 $ confequently the line AF \ is a tangent t? 

«"• the parabola. W.W,I} ? ' ' 

Secondly, let tlje line BI be drawn from 
B the principal vertex perpendicular to the 
axis BC f I fay, Jji is a tangent to the pa- 
rabola, Fqr, let any point be taken in 
the lirie BI, fuch as K, and from K draw 
£L perpendicular to the directrix D£ t 

which S uts % in JL, and join *c to the 




» *+ 
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Thep, becaufe the angle CBK is a fight 
jingle, KC* is greater thin CB; but CB*»9*.U, 
p f equal to BR, jm4 &L is equal to BE, l? $ %f r -\ 
$ therefore KL is equal to BC, and con- j 34 £.j., 
fequently KC is greater than KL, there- 
fore the point K * is without the parabola- *!/&£* 
And after the fame manner may it be de- 
monftrated that any other point in the line 
BI will be without -the parabola, therefore 
the line BI \ is a tangent to the parabola, t ?*/• $«f 

Therefore,* if a right l$ne be drawn* blu 
from any point in the periphery of the 
farabofa bifetfing an angle which is 
contained between two right lines drawn 
from the fame point, the one to the fo- 
cus, and the other perpendicular to the 
(lireffrix, that line is a tangent to the 
farabpla. AlfQ* a right line drawn 
ferpendicula? to the ax fs from the prjrt? 
cipal vertex, is a tangent to tbe para- 
bola ; wljich w^s to demonftrated. 
Cor. From the above propofition it is evk 
4«tt how from » giWpoint ip the pe, 
riphery to draw a line which >yill be a 
tangent to a parabola, if th^ focus an<J 
fa$ pf 4ire#ion be given "i pqfition. 



L 
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PROPOSITION VI. 

Problem I. 

The pojition of the focus and direftrix 
of any parabola, and a line which is 
pot parallel to any of its diameter s r 
being given, to draw a tangent to the 
parabola parallel to this given line, 

E T AB be the dire&rix, and C thefo- 
cus of any parabola, and DE the gi- 
ven right line, which is not parallel to a- 
ny diameter. It is required to draw a 
tangent to the parabola which will be pa- 
rallel to DE. 

+i%e. 1. 1. Through the focus C draw CF * perpen- 
dicular to DE, which produced cuts the 

1 10 e.i. 1. diredrix in A, and bifedl AC f in G,and 

J31&/. 1. through G draw GH parallel $ to DE. I 
fay, GH is a tangent to the parabola, and 
parallel to the given line DE. For, thro* 
the point A draw a diameter to the para- 
bola, cutting the line GH in H, and join 
HC. Then, becaufe the] Angle CFE is a 
right angle, and the line GH is parallel to 
the line DE, therefore the angle AGH is 

» a9 £./.,. a right angle*; and becaufe AG is equal 

to 
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to GC, and.GH common, and die angle 

AGH equal to the angle CGH, therefore 

AH is ecjoa! tb HC, and the angle AHG 

equal to the angle CHG ; therefore the 

point H is a point f in the periphery of t*ef **•" 

the paribbk, and the line GH % a tangent % s •/'*«• 

to the parabola; corife^uently the line GH 

is drawn a tangent to the parabola, and 

parallel to the given lineDE ; which was 

to be done. 

Cor. 1.. Hence it follows, that any tan- 
gent will ! bife6t that line which is drawn 

from the focus to that point of the di- 
redtrix where a diameter drawn from the 
point of ix>nta& cuts it. 
Cor. %. From hence it alio follows, that * 
from any point in the periphery of a 
parabola no more than one tangent to 
die/ pknSbola can W drawn ; for if 'It 
were poflible to draw any more, in that 
cafe the line intercepted between the fo- 
cus and that point of the direftirix whete 
a diameter drawn from the point of con- 
tact cuts it, will be'bjfe&ed by two or 
more different lines cutting it in diffe- 
rent points, which is abford. 

PRO- 
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PROPOSITION VII, 

T h t o n £ u VI. 

An angle, which is comprehended be- 
tween a diameter and a right line 
drawn from its vtrtex to the focus v 
will be bifetted by a tangent drawn 
from the vertex of the fame diameter i 



L 



E T AE be a tangent to the parabola 
AB, touching it in the poifit A', and 
from the point of contact A, let AC be 
drawn to the focus, and At) a diameter 
catting the dire&rix in ft.- t lay, the line 
AE bifetfs the angle D AC. For if AE 
does not bifed the angle I) AC, let the 
line AF bifetf the angle E>AC. Hen, be- 
caufe AF bifeds the angle AC, which is 
contained between the diameter At) and 
a line drawn from its vertex A to the fo- 
J i ofthh. cus, confequently AF is a * tangent to the? 
parabola AB, and touches it in the point 
A. But, by the hypothesis, AE is a tail- 
gent to the fame parabola, and touches it 
in the lame point A, therefore from the 
fame point AaredraWn tfro lines, AEand 

AF, 



\ 
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At, both tangents to the fame parabola 

AB, which f is abfurd. ] cpr.pr. $ 

Therefore, the angle \ which is contain- *** tu 
ed between any diameter and a line 
drawn from its vertex to the focus ; 
is bifetted by a tangent drawn from the 
vertex of the fame diameter > which wa* 
to be demonftrated. 

Cor. i. From hence it follows, that if AD 
be a diameter, and AE a tangent drawn 
from its vertex, and if the angle EAC 
be equal to the angle EAD, the line 
AC will pais through the focus ; or if 
AC pais through the focus, and AE a 
tangent, and if the angle DAE be e- 
qual to the angle EAC, then is the line 
AD a diamft ei\ 
Cor.i. Hence it alfb follows, that if from 
any point ih the periphery Of a parabo- 
la, as A, which is not its principal ver- 
tex, a right line, as AE, be drawn a 
tangent, and AD d diameter, die angle 
DAE, which is contained between the 
diameter and the tangent, that lies 
Without the diameter, is lefs than a right 
angle, becaufe the angle D AC is lefs than 
two rights, and the angle DAE is half 

C the 
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the angle D AC, confequently the angle 
DAE is lefs than a right angle. 

PROPOSITION Vffli 
Theorem VIL 

If from any point in the periphery of a 
parabola a t angent be drawn , and pro- 
duced until it cut the axis ; and front 
the fame point a line be drawn per* 
pendicular to the axis, that fegment 
of the axis which is intercepted be- 
tween the tangent and perpendicular 
line will be bifetted in the principal 
vertex. 
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E T A be any point taken in the peri- 
phery of the parabola AB, whofefa- 
cus is C and dire&rix DG, and let AEbc 
a tangent, which produced cuts the axis 
in E ; and from A let AH be drawn per- 
pendicular to the axis. I fay, that EH is 
bifedied in the principal vertex B. 
itiE.lt. For, through A* draw AD perpendicu- 
lar to the dire&rix, and join AC to the 
focus, and let the axis BC cut the dire* 
#rix in G. 

> Then, becaufe AH is perpendicular to 

GH, 
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GH, andDG is perpendicular to the feme 
line GH, therefore DG and AH are * paral- * ** E - l - »•' 
lei to one another, and DA is parallel to 
GH; confequently DH is a right angled 
parallelogram. Alio, becaufeDA is paral- 
lel to EH, the angle DAE is f equal to t*9£.f.i> 
AEC ; but the angle DAE is J equal to the 1 7 »fthi$. 
angle E AC; therefore the angle AEC ise- 
qual to the angle EAC, and confequently 
the fide EC is * equal to the fide AC ; but *6E. 1. 1. 
DA is f equal to AC; therefore DA is e- 1 ufthh. 
qaal to EC, and DA is equal tof GH, U*b.u. 
confequendy GH is equal to EC; butGB 
k equal to BC ; take BC and BG from 
both, and there will remain BE equal to BH k 
confequently EH is bife#ed in the prin* 
tipal vertex B. • 

Therefore, if from any point in the 
periphery ef a parabola a tangent be 
4raw# and produced until it cut theax- 
"» and from the fame point a line be 
town perpendicular to the axis, that- 
figment of the axis which is intercepted 
between the tangent and perpendicular \ 
v kifeBed in the principal vertex j 
Wfe$ W*s to be demonftrate4, 

£ * PRO- 
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PROPOSITION IX, 
Theorem VIII, 

Jf from any paint in the periphery of& 
' parabola a- right line be drawn, ** : 
t her 'parallel to the axis, nor bifeB: 
ing the angle which is comprehend 
fd between 4 diameter and 4 «**\ 
drawn from the fame point to the fi* 
cms, that line will cut the parabok 
in one other point only. 

E T A be any point taken in the p«*i 
/ phery of the parabola AB, whole fo- 
cus is C, and oUre&rixDE; and from A 
let the line AF be drawn, neither paral- 
lel to the axis, nor bifeding the angle 
ivbich is comprehended between the dia- 
meter and right line drawn from the finVj 
point to the focus. I fay, that line will 
cut the parabola in one other point only- 
This line AF may either pafs through the 
focus or not ; and firft, let it pals through 
the focus C ; then from the focus, C dW 
J n #./.?. a line perpendicular to AF*, meeting the 
" ' Hne of direction in the point D • and ftom 
the point A draw AG parallel to the axis. t 
^kch^^ in & «* «*j| 
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DH equal to DG, and through H draw 
HI parallel to GA, meeting AF produced 
in I. I lay, the point I is a point in the 
periphery of die parabola, For, joinCG * 
and CH. 

Then, beeaufe the angles DC A and AGD 
are right angles, and AG * is equal to AC, ! i iftite. 

• the angle ACG is equal to the angle AGC, 
and confequently the remaining angle DGC 

l is equal to DCG ; therefore the fide DG 
f is equal to DC; but DG is equal to DH, f ft.JL« 
therefore DC is equ^ji to DH, and the 
angle PCH equal to the angle DHC ; but 
the angle DO is equal to the angle DHI, 
beeaufe both ate right angles ; therefore the 
remaining angle ICH is equal to the re* 
maining angle IHC, and the fide IC is f e- \6SJ. #3 
qua! go the fide IH, confecjuently the 
point I \ is a point in the parabola ; there- %% */$$ 
fore the line AF cuts die parabola in ano- 
ther point. W.W.D. 

Secondly, when the right line AF does 
not ppfs through the focus, the conftru&i- 
on remaining the feme as before, then, a- 
bout the center A, with the diftance AC, 
defcribe a circle cutting the line DC again 
in the point K, and through the points K, 
$ p$ H <#cribe* the circ]? K£H. Then, u *•'• 4i 
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becaufe AC is equal to AG, and the angle 
- AGD is 3 right angle, the line GD is a 

t ttB. I u tangent to the circle f GCK, wherefore the 

$**£J, j. fqoare f gd j i S equal to the re&angfe 
contain'd between the lines KD and DC; 
but, by the conflru&ion, GD is equal to 
DH, therefore the fquare upon DH is o* 
qual to the re&aiigle contained between 
the two lipes KD and PC, wherefore DH 

f *7 E - l *< * is a tangent to the circle HCK ; now 
finceDH is a tangent, and the angle DHI 
is a right angle* the center of th6 circle 

r ?»!.!, i HCK* will be in the line HI. Alfo, be* 
caufe the line CK is drawn in the circle 
GCK, and cut by the line AF, which is 
drawn through the circle at right angles ; 

4-sf,.!-* therefore the line CK f willbebife&edin F, 
wherefore the center of the circle HCF 

'for. 1 1. will be in the lineFI J: ; but before the cen-* 

** ter was ip the line HI, and now in the line* 
FI, therefore the center will be in the 
point I, where thefe two lines cut one a»h 
other ; and confequently IC is equal to IH„ 

S \9fthis. wherefore the point I* is a point in thepe-i 

riphery of the parabola^ J-afily, I fey % 

that the line AF cannot cut the parabola 

jn any more points than thefe two A and h 

for, if poflible^ let it qat \t i& a thu4 

pointy 
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point, as L ; join LK and LC. Then, be- 
caufe CF is equal to FK, and FL is com- 
mon, and the angles CFL and KFL aree- 

3ual to one another, both beingright angles, 
lerefore LC * is equ4 to LK y and from'+EAn 

L draw LM perpendicular to the dire&rix, 
then is LM f al& equal to LC ; and fo if t « */'***» 
upon L as a center, with the diftanceLM* 
a circle be defcribed, it will pafe through 
the points M, C ahd K ; and becaufe DM 
is at right angles to DL, DM $ will be a j %6E.U%: 
tangent to the circle MCK, and confe- 
quently the (quare of DM is equal * to the ¥ $6E.k$i 
re&mgle contain'd between KD and DC ; 
but the fquare of GD is equal to the re- 
dangle contained between KD and DC ; 
confequently the (quare of GD is equal to 
the fquare of MD, and the line GD will 
be equal to the line MD, a part to the 
whole, which is abfurd. Therefore the line 
AF cannot cut the parabola in any mora, 
points than tbefe two A and I. 

Wherefore, if from any joint in the 
ftrlpbery of a parabola a right line be 
drawn which is neither parallel to the 
*xh, nor bifetting the angk which it 
comprehended between a diameter and a 
line drawn from the fame point to the 

focus, 
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focus, that line will cut the parabok 
in one other point only j which was to 
be demonstrated. 

PROPOSITION X. 



t 
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Theorem IX; 

If to any right line* * line be draw* 
from the focus of a parabola per fen* 
dicular, which produced cuts the di* 
reffrix} **d if the fegment of that 
perpendicular line intercepted be- 
tween the focus and the given line, 
be not greater than the fegment of 
the fame line, intercepted between 
the given line and dire&rix, that 
given line produced will meet the pa- 
rabola. 

LET ABbethe given right line, indC 
the focus, and from the focus C Itf 
CD be drawn perpendicular to AB, which 
produced meets the dire&rix in E, and if 
CD be not greater than DE, I fay thai 
AB produced will meet the parabola. 

Cafe i. If the fegment CD be equal to 
the fegment DE, then it is evident that 
the right line AB will touch the parabola 
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in that point where a diameter meets the 
( parabola, which is drawn from the lame 

poinE*. ]ni>£ r '* 

Cafex. But if CD be lefs thanED, pro- 
dace ED, and make DF equal to DC. 
Then find a mean proportional f between t 1 * E ^H 
the two lines FE and EC, which let be 
EG ; make EH equal to EG, and about 
the points F, C and G, defcribe the circle 
JGCF, and from G draw GI perpendi- ***• '•« 
cular to G£#*, which meets the line AB *»*_'•« 
produced in I ; then becaufe FE is to EG 

" as EG is to EC, the rectangle contained 
between FE and EC is equal to the fquare 
of EG f; therefore EG is a tangent to $ U7S.1 .6j 
the circle GCF, And confcquently the ' ' 3n 
center of the circle will be in the line GI * ; * » 9 e. 1. n 

I then becaufe CF is bifedted in D, and from 
D the line DI is drawn at right angles to 
it, the center of the circle t will be in the \ cot - lt i 
line DI ; therefore the Point I will be the 
center of the circle GCF ; and confcquent- 
ly IG is equal to IC ; wherefore I is a point 
I in the parabola. After the fame manner i *'/'*& 
may it be demonftrated, that if from the 
point H a line be drawn perpendicular to 
the diredrix, and produced meets the line 
AB, that point where it meets the line AB 

D is 
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is alio a point in die parabola. 

Therefore, If a line be drawn from 
the focus of a far abola perpendicular to 
any other line, and produced until it cut 
the direBrix ; and if the fegment of the 
perpendicular line* intercepted between 
the focus and* the other line, be not 
greater than the fegment of the fame 
perpendicular, which is intercepted be- 
tween the other line and dire&rix, that 
other line produced will meet the para- 
bola ; which was to be demonftaated. 

PROPOSITION XL 
Theorem X. 

If any right line be drawn through a 
point within a parabola, that line if 
produced will cut the parabola. 

FO R firft, if the fight line is a diame- 
ter it will cut the parabola, and eve- 
2 tofthisi ry where beyond that point will fall * 
within it. 

Secondly, if the right line is not a dia- 
meter, fuch as AB, which is a right line, 
drawn any how from the Point A within 
the Parabola ; and let CD be drawn from 

the 
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the focus perpendicular to AB, meeting 
the line of direction in E, and join AE 
and AC : Then becaufe the point A is 
within the parabola, a line drawn from 
the point A, perpendicular to the line of 
direction, will be * greater than AC which * € " - l 'P r: 
is drawn from the fame point A to the fo- 
cus ; therefore if AE be perpendicular to 
Ac line of dire&ion, it will be greater than 
AC ; but if AE be not perpendicular to 
the dire&rix, it will be f greater than the 1 19 £. f.i: 
perpendicular, and therefore much greater 
than AC: But the fquare of AE is | equal U7E.L1: 
to the two fquares defcribed upon AD and 
DE, and the fquare of AC is equal to the 
fquares defcribed upop AD and DC ; con- 
fequently the two Squares defcribed upon 
AD and DE are greater than the fum of 
the two fquares upon AD and DC ; take 
the fquare of AD from both, there will 
remain the fquare of DE, greater than the - 
iquare of DC; therefore the line DE is 
greater than DC, cojifequently the line 
AB * produced will cut the parabola. *i**fM*: 

Therefore, If any right line be drawn 
through a point within the parabola, that 
line, if produced, will cut the parabo* 
k ; which was to be demonstrated. 

D % PRO 
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PROPOSITION XII, 
Theorem XL 

Any right line terminated both ways by 
a parabola, and parallel to a\tangtnt* 
will be bifetted by a diameter drawn 
through the point of contatt ; or that 
line will be an ordinate to the dia* 
meter. 

ET there be. any right. line, fuch as 
AB, terminated both ways by the 
parabola in A and B, and parallel to the 
tangent EH ; through the point of contad 
E let the diameter EG be drawn, cutting 
the line AB in G ; I (ay, AG is equal to 
GB, |or AB is an ordinate to the diameter 
FG. 

For let the diameter GE meet the dire- 
ctrix FD in the point F, and from the 
points A and B let the lines AI and BK be 
cl2£/ - 1 - drawn * perpendicular to the diredtrix, 
and from the focus C let CF be drawn, 
meeting AB in L, and about the center A 
with the diftance AI let a circle be defcri- 
bed, cutting FC again in the point M, 
and join CB and BM. 
Then becaufe the angle AIF is a right 

angle, 
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angle, the line IF is a * tangent to the * <°r. 16. 
circle ICM, and the angle ENF is a f right f \ r.\r. 6 
angle ; alfo becaufe EN is parallel to AB, •/'**• . 
the angle ALN is a | right angle; and J *9 *•'•»•; 
fince the line AB is drawn through the 
center, cutting the line CM at right angles, 
CL is * equal to LM. Now becaufe CL * 3£. /. 3; 
is equal to LM, and LB is common, and 
the angle CLB equal to the angle BLM, 
both being right angles, therefore the line 
BC is f equal to the line BM. But BC is 1 4*. /. 1: 
\ equal to BK ; therefore if about the cen- t irftkis. 
ter B, with the diftance BK, a circle be 
defcribed, it will pais through the points 
K, C and M, and confequently KD will 
be a * tangent to the circle KCM. Again, *cor.u6.E; 
becaufe IF is a tangent to the circle ICM, " 3 ' 
and FM cuts it in the points C andM, the 
fquare of IF is f equal to the re<5tangle t *«*•*• ^ 
contained between MF and FC ; and for 
the (ame reafon the fquare of FK is equal 
to the fame redtangle contained between 
MF and FC ; therefore the fquare of IF is 
equal to the fquare of FK, and confequent- 
ly the line IF is equal to the line FK. But 
becaufe the lines IA,, FG and KB, are all 
parallel to one another, and cut the two 
lines IK andAB, IF J will be to FK as % %E . i.e; 

AG 
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AG is to GB ; but IF is equal to FK, there- 
fore AG is equal to GB, confequendy AB 
is bifedbed in G, and AB is an ordinate to 
the diameter EG. 

Therefore, Any right line terminated 
both ways by the periphery of a far ah* 
la, and parallel to a tangent \ is hifett- 
ed by a diameter drawn through tht 
foint of contatt, or is an ordinate to 
that diameter > which was to be dcipon- 
flrated. 

Cor. i. From hence, and prop. 5. it fol- 
lows, that a line drawn from any point 
in the periphery of a parabola, perpen- 
dicular to the axis, is a femi-ordinate to 
die axis ; alio an ordinate drawn to the 
axis through the focus, is equal to the 
latus reBum of the axis. 
Cor. z. From hence it follows, that if a- 
ny right line, as AB, which is termi- 
nated both ways by a parabola, be bi- 
fe&ed by any diameter EG, that line 
will be parallel to the tangent which 
is drawn through the vertex E of the 
diameter; for if the tangent drawn 
through the vertex E be not parallel to 
J 6 of this. AB, let a tangent be drawn * parallel 

to AB> then will a diameter which p*£ 

fes 
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fes throogh the point of contad (by the 
above propofition) bifedthe line AB; 
but the diameter EG by the hypothefis 
bifeds the line AB, therefore the line 
AB is bifeded by different diameters; 
which is abfurd. 

Cor. 3 . All the ordinates to one and the 
fame diameter are parallel to one ano- 
ther. \ 

Cor. 4. Two or more right lines termi- 
nated by a parabola, and parallel to 
one another, that diameter which bi- 
feds any one of them will bifed them 
all ; for that one which is bifeded is 
* parallel to a tangent which is drawn t '"• * */ 
from the vertex of that diameter ; there- '*">'• 
fore they are all f parallel to the fame j 30 £J.i: 
tangent, and confequently the diameter 
drawn through the point of contad will 
infed them all. 

Cor. 5. That right line which bifeds two 
or more right lines, parallel to one 
another, and terminated both ways 
by a parabola, is a diameter; for if 
not that diameter which bifeds one of 
thefe lines, will by the preceeding cor- 
tolary bifed thfem all, and confequent- 
ly every one of them will be bifeded 

by 
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by another right line ; which is A* 

furd. 

* C+^4"*** **"*' Cor. *>- A right line which is drawn from 
^r V*******^ * „c the vertex of any diameter, parallel to 

A * / *« ***" ^ or ^ natc t0 r ^ feme diameter, is a 

( ^l^tV^ **^^tangent to the parabola. ^ 



jL^^^ 0/ M M ^ ^ 'tangent to the parabola. _ 

?V viAtt** r^Cta, fiAr fi*****^ iMt^L cUuX* fiSUllr Co* K 

f£L A <*. PROPOSITION XIII. 



Ao*f*- 



Theorem XII. 

If from any point in the periphery of t 
parabola a right line be drawn per- 
pendicular to any diameter \ alfo a» 
ordinate to the fame diameter \ the 
fquare defcribed upon the perpendi- 
cular will be equal to the rekangk 
contained between the abfcifs and, the 
latus re&um of the axis. 

Cafe i. VfTH E N the diameter is the * 
W xis of the parabola. 
Let A be any point taken in the peri- 
phery of the parabola AB, whofe focus is 
C, its principal vertex B, and dire#rix 
DE ; from A let AF be drawn, cutting the 
axis BC at right angles, then is AF a femi- 
*cpr ipr. * ordinate to the axis ; I fay, the fquareof 

\x of this. ' J . * 1 1 

AF is equal to the re&angle contained dc- 

tweefl 
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twcen BF and the latus reftum of the a- 
xis BC, or four times BE : For from A 
draw AD perpendicular to the dire&rix, 
cutting it in D, and join; AC to the focus ; 
Then becaufe the triangle AFC is right 
angled at F, the fquare of AC is * equal* * 47 *./.i} 
to the two fquares defcribed upon AF and 
FC; but AD is f equal to AC, that is,.t *'/>*«i 
EF is equal to AC, therefore the fquare 
of EF is equal to the fum of the two fquares 
ddcribed upon AF and FC ; and becaufe 
EB is equal to BC, there fc a line BF any 
how cut in C, and to it BE is added equal 
to BC, therefore % four times the rettangle its.hq 
contained between FB and BC, together 
with the fquare ddcribed upon CF, is e- 
qual to the fquare of EF ; but the fquare 
of EF was before proven equal to the fum 
of the two fquares defcribed upon AF and 
FC, therefore the two fquares defcribed 
upon AF and FC are equal to four time$ 
the re&angle contained between BF and 
BC, together with the fquare of FC ; take 
the fquare of FC from both, and there 
will remain the fquare of AF, equal to four 
times the re&angle contained between FB 
and BC ; that' is, the fquare of AF is e- 
qual to a redtangle contained between BF, 

E and 
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and four times BC or RE, winch is the 
V** f*latns. reftumi therefore the iqu»e oi 
the perpendicular or femi-ordiqate to tte 
axis, is. equal to tribe rectangle contained 
between the abfcas and the &/** *•*#*« 
of the axis ;. W; W. D. 

G*/? iu When die diameter isnotthe 
axis. 

Let ABD be my parabola wboft ftatf 
is C, its principal vertex B» tmd djre&fe 
EF, and from any point in its peripkay* 
as A, let AH be drawn perpejadicMltf 0* 
any diameter, as GH, and from tjift fcjoa 
point A'let AK be drawn an ordinate® 
die feme diameter, and let G be the ver- 
tex of the diameter; I lay, the Iquaro 
of AH is equal to the rectangle cpn«aio«* 
between the abfciis KG and the latus n* 
4?#«z of the axis. 

. For from G the vertex of the diametef 
f»i£.J.i. draw GL f parallel to AK, meeting d* 
% Mtfthit. axis in L, which is a % tangent to the p** 
rabola, and from A draw AM perpend* 
cular to the directrix ; then upon A. as. * 
center with the diftance AM, defcribe a 
circle touching the directrix in thepoiflt 
M, which will pals through the focus C» 

and join FC, which produced cuts * e 

circle 




i 
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cfrcte again in N, and the lines GL and 
AK in the points O and P, and let AK 
Reduced cut the axis in Q. 

Then becaufe the angles COL, €EF» 
are both right angles, and the angle FCE 
is common, the .two Triangles FCE, 
COL, ar$ * Similar ; therefore as FC is to *4& I «; 
CE, fo is CLto CO ; but as CL is to CO, 
to is f LQto OP : Therefore as J FC is t**- '•«* 
to<CE, fo is LQ^to OP ; confequeiitljrthe * llBJ ' u 
te&angle contained between F£ and OP F 
15 equal to th^p re&apgle contained ber 
**een CE and LQ. Again, becAufe FC 
Is * double OC, and CN is double df* tw.fr. 4 
CP, FN is double OP; confeqdent^ th * 
iy the irq&angle contained between NF 
«ad FC is equal to double the re&angle 
contained between FC and OP ; that is, 
the re<3angle contained between NF and 
FC is equal to double the re&aagle con- 
tained between CE and LQ, But the redk 
aogle contained between NF and FC is 
.f equal to the fquare of MF, therefor? tfj£ f 3 6£.l. »; 
fquare of MF is equal to double the te&- 
«igle contained between CE andLQj but 
&QJs $ equal to GK, and MF is equal to j H £.f.i; 
AH, therefore the fquare of AH is equal 
to double the re&angle contained between 
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GK and CE ; that is, the Iquare of the 
perpendicular AH is equal to the re&angk 
contained between the abfcife GK, an4 
twice QE, or the latus rettum to the a- 
xis. 

Therefore, If from any point in the 
periphery of a parabola a right line be 
drawn perpendicular to any diameter, 
and from the fame point an ordinate be 
alfo drawn to the fame diameter \ then 
is the fquare of the perpendicular equl 
to a refit angle contained between the at- 
fcifs cut off by that ordinate, and the 
* latus re<5him of the axis $ which was to 

' be demonftrated. > 

Cor. i. From hence it follows, that th« 
fquare of the perpendicular lines to th« 
I fame diameter, drawn from different 
points of a parabola, are to one ano- 
ther as the refpe&ive abfcifles, whicfc 
are made by ordinates drawn to the 
fame diameter from thefe different points 
in the parabola ; becaufe the fquares of 
theife perpendiculars are equal to a red* 
angle contained between the latus re* 
Hum of the axis and their relpe&ive 
abfcifles; and thefe rectangles having 
all the lame height, vi&. the latus r* 

(turn 
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* &um of the axis, * are to one another ***• tfJ 
as their bafes, w#. the abfeifles ; there- 
fore the fquares of the perpendiculars 
are as the abfeiffes. 

Cor, %. If from the vertexes of any two 
diameters, ordinates to thefe diameters 
be drawn, the abfeiflcs between thefe 
ordinates and the vertex are equal t6 
one another; becaufe perpendicular* * 
drawn from thefe vertexes are equal to 
one another. 



% PROPOSITION XIV, 
Theorem XIIL 

The fquares of all ordinates to thefam* 
diameter are to one another as their 
wjpettive abfcijfes. 

LET RS and AK be ordinates to the 
fame diameter GH ; I fay, the fquaje 
of the ordinate RS will be to the {quareof 
the ordinate A&< as the abfeifs GS is to 
the abfeifs GI$. 

For let the perpendiculars RX and AH 
he drawn to the diameter GH \ then be^ 
caufe the angles RXS and AHK are jight, 
*adthe angles RSXandAKHare *eqvtal, *i*zj.% 

"** the 



3* Ekmm *f Verne SeMhm. Bdofc 

4 4*. «: tb$ triangles RSX and AKH art f furular 
ftfid therefore as RS is to RX, fo is AK 
to AH ; and confequently the Square 

ii%E.i.6. RS is % to the fquare of RX. as thefquaie 
of AK is to the iquare of AH, By aW 
«Muaon,as the iquare -of RS is to che-iquare 
fef AK,fo is theiquarfc of RX to the iquare 
pf AH : But the iquare of RX is to the iquare 

*«r. i.>r ; -of AH * as the abfciis» OS is to the abfciis 

wftht, £ K< therefore the iquare of the^rdtnatQ 
RS is to the iquare of the ordinate AK, as 
the abfciis GS is to the abfeifs GK, 

Therefore, The Jquares of all ordi- 
nate* to fbe fame diame'ter are to one 
another es -their rtffe&iwe abfciffei i\ 
which was to be demonftrated, 

PROPOSITION XV. 

T -H E O * €■ M XIV, 

If from any feint in a far ah la an drifts 
nape be drawn to any diameter, the \ 
^uareoftl^fif^^rdiHateirefiuiifo 
a reff angle contained fotween the ab~ , 
fcifs and the latuis % cdmp iff tfa dia* 

inettr^ 
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LET A& be any parahfcla, AD » du^ 
i meter, AAA EF its dfre&rix, and from 

* 

fee point G in the parabola let CD be 
bawn a fibmi^OKBnatc to the diameter AD, 
ud cutting the axis in I, and let the di&* 
totter AD produced cut tfre dire&rix in E s 
Ifyr, die fquare of DG is equal- to the 
re&aagte contained between the abfcifc 
i£> and four times A&> ci die £zfrcr re* 
8m of the diameter AD ; for through A 
lie vertex of the diameter AD draw AH 
parallel to the feni-xwrdinate GD, and a#+ 
fag the axis in H, and AK perpendicular to 
jfot axis, and through B the principal vertex 
jibwBLafeiw-.ordinatetothediametecAD, 
; Then feecaufe AH is drawn through the 

ex of the .diameter AD parallel to the 
-ordinate BL,the line AH is a * t^pgent ; * w . 6.pr; 
becatife AHBL is a parallelogram, AH ,a of tbu 
lis equal to BL, and AL is f equal to KB. \ueXu 
. Again, hecaufe AH is a tangent to the 
Jwdbola, and cutting the axis in H, and 
faun the point of contadfc A, AK is drawn 
jperpendicular to the axis, therefore HB \i 

tqual to BK; and becaufe the triangle \% of this: 
H is right angled at K, the fquare of 

H is * equal to the fom of the two *4 7 e.Lu 

pares delctibed upon AK and KH : But 

the 
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> « 

*n*f$his. the fquare of AK is * equal to the red- 

f *jk\* angle contained between tt|0L and M 

times BF ; that is, four times the rectangle 

contained between AL orBH, andBF, and 

j4jp. /.a. the fquare of KH, is f equal to four time* 
the fquare of BK ; therefore the Iquare of 
AH is equal to four times the redangle 
contained between BH and BF, together 
with four times the ftjuare of BK ; that is, 
the Iquare of AH is equal to four times 
the re&angle Contained between BK and BF, 
together with four times the Iquare of BK. 
But becaufe the line FK is any how cut in 
B, the re&angle contained between FK and 

$ > g. 1 1. KB is £ equal to the rectangle contained 
between KB and BF, together with the 
fqtiare of BK ; confequently four times the 
re&angle contained between FK and KBis 
equal to four times the redfcangle contain- 
ed between KB and BF, together with four 
times the fquare of BK ; therefore the fquare 
of AH is equal to four times the redtangle 
contained between FK and KB. But AH 
is equal to BL, and FK to EA, and BK to 
EH, which is equal to AL ; confequent- 
ly the fquare of BL is equal to four times 
the re&angle contained between EA and 
AL ; that is, thefquare pf tbefemi-ordinate 

BL 
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BL is equal to the re&angle contained be- 
tween the, abfcifs AL, and four times AE, 
which is the latus reffum of the diame- 
tea: AD. 

Again, becaufe BL and GD arc femi-ordi- 
nates to the lame diameter AD, the fquare 
ofBL * is to the fquare of GD, as the* 1 * '/'*"♦ 
abfcifs AL is to the abfcifs AD : But as 
AL is to AD f, fb is the re&angle con- 1 lE - *%*• 
tained between AL,. and four times AE, 
to the redtangle contained between AD 
and four times AE ; therefore as theiquare 
of BL is to the fquare of DG, fb is the 
i re&angle contained between AL,, and four 
times AE, to the re<Stangle contained be- 
tween AD and four times AE. But, by 
the demonftration, the fquare of BL is e- 
! qua! to the redfcangle contained between 
; AL and four tijnes AE; therefore die 

fquare of the femi-ordinate GD is | equal J«4*.'.s- 
j to the re&angle contained between AD 
and the latus rettum of the diameter 
DAE. 

Therefore, If from any point in a 
parabola an ordinate be drawn to any 
diameter \ the fquare of the femi-ordinate 
tf equal to a rectangle contained be- 
tween the abfcifs and the latus re&um 

F _ tf 
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of that diameter > which was to be dfr 
jnonftrated (a). 

* . 

PROPOSITION XVI. 
Theorem, XV. 

J f from any point a right line be drawn 
cutting any diameter below Its ver- 
tex, and parallel to an ordinate drawn 
to the fame diameter ; and If the 
fquare of that line be equal to a reft- 
angle contained between the abfiift 
and the fetus re<5him of that diameter, 
that point will be a point in the pe- 
riphery of a parabola. 

E T AB be any parabola, C its focus, 
and EF its diredtrix ; and let DE be 
any diameter whofe vertex is A, and cut- 
ting the diredtrix in E ; and from the point 
B in the paraboia let BL be drawn any or- 
dinate to the diameter AD ; and if from 
any point, as, G, DG be drawn parallel 



L 



•(*) From the property of the fquares of the fenrf-ordi- 
nate* of any diameter being equal to the re&angle* con- 
tained between their abfcifles and the latus rtttw of tn« 
diameter/ it was, ihttJfttllQMHs called this curve tf /*? 
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to BL, and cutting the diameter AD in D 

below its vertex, and if the fquare of GD 

be equal to a re&angle contained between 

DA and four times EA; I lay, G is a 

point in. the periphery of the parabola. 

For becaufe the point D * is a point * 4 rfthki 
within the parabola, a line drawn through 

that point produced f will meet the peri- f 10 */'*»% 
phery of the parabola, if it does not meet 
it in the point G ; if poflible, let it meet 
the periphery of the parabola either near- 
er ox fiirther from the diameter than the 
point G, as in M. 

Then becaufe M is a point in the peri- 
phery of a parabola, MD will be a femi-or- 
dinate to the diameter ED ; therefore the 
fquare of MD is % equal to the re&anglejij ,//#,£ 
contained between the abfcifs AD and four 
times EA. But the fquare of GD is equal 
to the redangle contained between' AD 
and four times EA ; therefore the fquare 
of GD is equal to the fquare of MD, a 
part to the whole, which is abfiird ; there- 
fore DG cannot meet the periphery of the 
parabola in any other point than G ; con- 
fcquently G is a point in the periphery of 
the parabola. 

Therefore, If from anyfoint a right 

F % ***** 
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line be drawn cutting any diameter be- 
low its vertex \ and parallel to an ordi- 
nate, and if the fquare of that line be 
. equal to a reB angle contained between 
the abfcifs and latus redhim of that dia- 
meter, that point is a point in the pe- 
riphery of the parabola ; which was » 
be demonflrated. 

* 

PROPOSITION XVII. 
Theorem XVI. 

If from two points, one of which is in 
the periphery of a parabola, two right 
lines be drawn cutting a diameter be- 
low its vertex, and parallel to ordi- 
nates of that diameter, and if the 
fquare of thefe lines be to one an- 
other as their refpettive abfciffes, 
then will the other point be in the 
periphery of the parabola. 

LE T AB be any parabola, C its focus, 
EF its dire&rix, AD any diameter, 
which produced cuts the diredfrix in E, 
and let B be a point taken in the periphe- 
ry of the parabola, and G another point, 

and from the two points B and G let the 

lines 
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lines BL and GD be drawn cutting the di- 
ameter in the points L and D, which arc 
below the vertex A, and parallel to the 
ordinates of the diameter AD ; and if the 
fquare of BL be to the fquare of GD, as 
the abfeifs AL is to the abfeifs AD, I fay, 
the other point G is in the periphery of 
the parabola. 

For becaufe the fquare of BL is to the 
fquare of GD, as the abfeifs AL. is to the 
abfeifs AD, and four times the line E A is 
* equal to the latus re Burn of the diame- .* d*f. % 4 
ter AD ; therefore four times the re&angle * " # 
contained between E A and AL f is to four t *£- *•*• 
times the re&angle contained between EA 
and AD, as the abfeifs AL is to the ab. 
fcifs AD ; wherefore the fquare of BL is 
I to the fquare of GD, as four times the fu E.l.# 
re&angle contained between EA and AL 
is to four times the redtangle contained be- 
tween EA and AD. But the fquare of BL 
is * equal to four times the re&angle con- *ii*fth;& 
tained between EA and AL, therefore the 
fquare of GD is equal to four times the 
reftangle contained between E A and AD ; 
and confequently the point G is a f point * 16 rf this* 
in the periphery of the parabola. 

Therefore, If from two points, one of 

which 
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which is in the periphery of a parabo* 
la, two right lines be drawn cutting a 
diameter below its vertex, and paral- 
lel to ordinates of that diameter, and 
ifthefquare ofthefe lines be to one an* 
other as their rejpe&ive abfcijfes, the 
other point is in the periphery of the 
paraboJU ; which was to be demonftrated. 

PROPOSITION XVIII. 

» 

Theorem XVII. 

If from any point in the periphery of a 
parabola an ordinate be drawn to a- 
ny diameter, and from the fame point 
a tangent be drawn and produced un- 
til it cut the diameter, the fegment 
of the diameter intercepted between 
the tangent and ordinate will be bu 
fefted in its vertex. 

LE T A be any point in the parabola AB, 
and BC a diameter* and from the 
point A let AC be an ordinate to the dia- 
meter BC, and AD a tangent drawn from 
the lame point A, which produced cuts 
the diameter AC in D ; I fay, the fegment 
DQ, which is inter cepte4 between the tan* 

gent 



■ 

i 
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gent and ordinate is bifedted in the 
point B, which is the vertex of the dia- 
.meter ; for through the point A let the di* 
ameter- AE be drawn, and from the vertex 
B draw BE an ordinate to the diameter 
AE. 

Then becaufe BE is an ordinate to the 
diameter AE, it will be * parallel to the *t$r. 4.^: 
tangent AD, and confequently ADBE is ***** 
a parallelogram ; therefore AE is t equal 1 34*. *•*<' 
to BD ; but becaufe AE and BC are two 
diameters, and from their vertexes A and 
B the ordinates AC and BE are drawn to 
each other, therefore the abfcifs AE is^e- \c*r.*.p± 
qual to the abfcifs BC, and confequently ' *° " % 
BC is equal to BD. 

Therefore, If from any joint in the 
periphery of a parabola an ordinate be 
drawn to any diameter, and a tangent 
from the fame point , and produced un- 
til it cut the diameter, the fegment 
of the diameter, intercepted between 
\ the tangent and ordinate, is bifett* 
. titn the vertex of the diameter j which 
Was to be demonftrated. 
Cor. From hence it follows, that if the 

fine AC be an ordinate to the diameter 

BC, and the line AD catting the dia- 
meter 
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meter in D, fb as to bifcd the fegment 
DC intercepted between that line and 
the ordinate in the vertex B, that line 
AD is a tangent to the parabola, 
tor if AD be not a tangent, let AF, ifpdf- 
fibe, be a tangent; confequentlyFBwill 
be equal to BC, (by the above propofiti- 
on) and likewife FBwill be equal to DB, 
a part to the whole, which is abfuri. 

PROPOSITION XIX. 
Theorem XVIII. 

If from any point in the periphery of a 
parabola an ordinate be drawn to any 
<&iameter, and alfo a tangent which 
is produced until it cut that diameter, 
and from the fame point a line is drawn 
perpendicular to the fame diameter i 
then will the fquare of the tangent be 
to the fquare ofthefemi-ordinate, as 
the fegment of the diameter y interce- 
pted between the directrix and per- 
pendicular, is to a fourth part of the 
latus re<Shim of that diameter. 

Cafe i-VTTHEN the diameter is the 

W axis. 

Let 
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Let AB be any parabola, BC its axis, 
catting the diredtrix DE in the point E ; 
and from the point A in the periphery lee 
AC be drawn perpendicular to the axis 
BC, cutting it in the point C, which in 
this cafe is a femi -ordinate ; and from the 
feme point A let the tangent AF be drawn 
cutting the axis BC in F : I lay, the fquare 
of the tangent AF is to the fquare of the 
ordinate AC, as the fegraent EC of the a- 
xis, intercepted between the diredtrix DE 
and the perpendicular AC, is to EB, which 
is one fourth part of the latus re Hum of 
the axis. 

tor becaufe from the point A in the pa- 
rabola the tangent AF is drawn cutting the 
axis in F, and from the fame point A, AC 
is drawn perpendicular to the axis ; there- 
fore the fegment of the axis FC is * bife- *fftlls\- 
ded in B ; and becaufe the triangle ACF 
is right angled at C, the fquare of AF is 
f equal to the two fquares of AC andCF. f47£.'.i. 1 
But the fquare of AC is | equal to four \noftkisi 
times the redangle contained between EB 
and BC, and the fquare of FC is * equal * 4 £. /.*j 
to four times the fquare of BC ; therefore 
the fquare of AF is to the fquare of AC, 
as four times the reftande contained be- 

jp tween 
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twecn EB and BC, together with four times 
the fquare of BC, is to four times therc& 
angle contained between EB and BC. But 
four times the rc&angle contained between 
EB and BC, together with four times the 
fquare of BC, is to four times the red- 
angle contained between EB and BC, as 

*iE.i.6. the bale EC is to thebafe EB *; therefore 
the fquare of the taagent AF is to the 
fquare of the femi-ordinate AC, as the feg- 
ment of the axis EC, which is intercepted 
between the dire&rix DE and the perpen* 
dicutar AC, is to EB one fourth of the 
latus rettum ; W. W. D. 

Cafe i. When the diameter is apt die 
axis, 

Xet ACB be any parabola, C its prm- 
cipal vertex, and FG its dire&rix ; let 
. FKB be any diameter, and from any point 
in the periphery, as A, let AE be drawn , 
a tangent, cutting the diameter FK in E f 
and from the fame point A let AK be drawn 
perpendicular to the diameter FK, and AD 
a femi-ordinate to FK: I fay, the fquare 

^ ' of the tangent AE is to the fegHBflt of the 
femi-ordinate AD, as FK the finww of the 



diameter, intercepted between the dire&- 
yix and perpendicular, is to FB the fourth 

part 
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part of the latus re&*m of the diameter 
BK. 

For through the principal vertex C * draw * * .1 *. '• *• 
CH parallel to the dire&rix FG, cutting 
the diameter BK in H. 

Then, becaufe CH is parallel to FG, and 
FH parallel to GC, FH is f equal to GC, U^.i. 1. 
that is, one fourth of the latus reftum of * 
the axis. Again, becaufe AE is a tangent 
drawn from the point A cutting the diame- 
ter BK m E, and AD a iemi-ordinate drawn 
from the fame point A, cutting the diame- 
ter in D, therefore ED is % bife&ed in B ; t «* tf'A». 
and becaufe the angle AKE is a right angle, 
the fquare of AE is * equal to the two **7BJ.u % 
iquares upon AK and KE, and the fquare 
of AD is equal to the two fquares upon 
AK and KQ, But the fquare of AD is f e- J*seff*i* 
qual to fotvr times the rectangle contained 
between FB.and BD, and the Iquare of AK 
i$ { equal to four times the rectangle con- 1 % * *ftttK 
tatned between FH and RD* therefore 
the fquare of DK will be equal to four 
times the re&angle contained between HB. 
tad BD. Again, becaufe KB is any how 
eat in D, 'and BE equal to- BD is added 
to it, therefore th^ fquare of EK is * equal * % £, h*i 
to four times the re^fcangle contained be- 

G a tweca 
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twcen KB and BD , together with the fquare 
of DK ; that is, the fquare of EK is equal 
to four times the re&angle contained be- 
tween KHand BD ; confequently the two 
fquares defcribed upon AK and KE, that 
is, the fquare of AE, are equal to four* 
times the re&angle contained betweea FK 
and DB ; therefore the fquare of AE is to 
the fquare of AD , as four times the re<3> 
angle contained between FK and BD is to 
four times the re&angle contained between 
FB and BD. But four times the re&angle 
contained between FK and BD is to four 
times the rectangle contained between FB 
1 * *♦ h 6. and BD, * as FK is to FB; therefore the 
fquare of the tangent AE is to the fquare 
of the femi-ordinate AD, as FK the fegment 
of the diameter, intercepted between the di- 
redtrix FG and the perpendicular AK, is 
to FB the fourth part of the latus reftum 
of the diameter BK. 

Therefore, If from any point in the 
periphery of a parabola an ordinate be 
drawn to any diameter ; as alfo a tan- 
gent cutting the diameter, and a line* 
perpendicular to the fame diameter \ the 
fquare of the tangent is to the fquare of 
the femi-ordinate, as the fegment of the 

dia- 
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diameter ■, intercepted between the di- 
reffrix and the perpendicular, is to the. 
fourph part of the latus re&um of that 
diameter ; which was to, be demonstrated. 
Cor. i. From hence it follows, that the 
fquare of a perpendicular to any diame- 
ter, drawn from a point in the periphe- 
ry of a parabola, is to the Iquare of a 
tangent drawn from the lame point to 
the diameter, as the fourth part of .the 
latus rettum of the axis is to the feg- 
tnent of the diameter intercepted be- , 

tween the directrix and perpendicular. 
For becaufe the fquare of the tangent AE 
(by the above demonftration) was pro- 
ven equal to four times the redfcangle. 
contained between FK and BD, and the 
fquare of AK is equal to four times the 
re<5fcangle contained between GC and 
BD ; therefore the fquare of the perpen- 
dicular AK is to the Iquare of the tan- 
gent AE, as four times the reftarigle 
contained between GC and BD is to four 
times the rectangle contained between 
FK and BD, that is, as GC is to FK ; 
wherefore the fquare of the perpendicu- 
lar AK is to the fquare of the tangent 
AE, as GC, the fourth part of the la- 
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tusre&um of the axis is to FK the fig- 
ment of the diameter between the & 
re&rix and the perpendicular, 

Vor. %. If from any pbitjt in the peri- 
phery of a parabola an ordinate be 
drawn to any diameter,, and a line per- 

. pendiccdar to the (ame diameter, the 
iquare of the fegment of the diameter, 
intercepted between the ordinate and 
perpendicular, is equal to the rectangle 
contained between the abfcifs and a feg- 
ment of the fame diameter, intercepted 
between the vertex of the diameter, and 
a line drawn cutting it from the princi- 
pal vertex parallel to the direftrix. 

£br . 3 . If from apy point in the periphe- 
ry of a parabola a tangent be drawn 
cutting *tny diameter, the iquare of the 
tangent intercepted between the point 
of contaft and the point where it cuts 
the diameter, is equal to a redfengle con* 
tained between that ^gment of the dia-r 
nieter intercepted between its vertex and 
the tangent, and the Utus reftum of a 
diameter drawn through the |toint of 
, conta& 

for becaufe (by the propofltion) the fquare 

pi AE ia «|najl tQ.fwK tims the *c&- 
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angle contained betWeen&D ancLFK, and 
BD is equal to BE, and FK is equal to 
LA, therefore the fquare of the tangent 
AE, intercepted between the point of 
contact A and the diameter ED, is equal 
to the rectangle contained between BE, 
the fegment intercepted between the 
vertex and the tangent, and four times 
LA, which is the Utus reifwm of the 
diameter drawn through the point of 
contact A. 

PROPOSITION XX. 

P lO B L E M II* 

To find a, diameter \ the axis, the latus 
re&um, and the focus of any parabo- 
la which is given infofilion. 

LE T ABCD be any 1 parabola ; it is re- 
quired to find its diameters, its axis, ] 

its latus retiwm and its focus. 

Firft, for a diatneter. Take any two 
points iii the periphery of the parabola, as 
AB, and through theie points A and B 
draw AD and BC * parallel to one ano- *%\rx*; 
tbtt; and cutting the periphery of the pa- 
rabola again in the points B and.C, f bi- \v*&.\.l 

fed 



L 
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fed: the two lines BC and AD in die points 
E and F, and join the line FE : I fay, the 
line FE produced is a diameter. . 

For becaufe the points E and F are with- 
in the parabola, the line EF, if produced, 

•i\9fth\s. will * cut the parabola, which let be in 
the point G/ 
; Then becaufe the right line GEF is 
drawn from any point of the periphery of 
the parabola, bifeding BCand AD, which 
are parallel to one another, and terminat- 
ed both ways by the periphery, the line 

t" r -*\? r - GF is a f diameter to lie parabola; there- 
fore there is found a diameter to the given 
parabola ABCD ; which was to be done. 
Secondly, A diameter, as GF, being 
found, it is required to find the axis. 

Take any point in the diameter FG be- 
low its vertex, asH, and from H draw HI 

%u E.l. i. £ perpendicular to FH, which let be pro- 
duced both ways until it cut the periphe- 

*io£./.i, ry of the parabola in I and K; * bifed 
IK in the point L, and through L draw 

tsi&i-i, LM f parallel to the diameter GF, meet- 
ing the parabola in M , and from the point 
x M let MN be drawn parallel to IL. 

Then becaufe ML is parallel to GF, 

idef. 4 0/ ML is a ± diameter, and the line IK is an 

this. T - ■ - ^ 



or- 
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• 

* ordinate to it ; and becaufe through the * A/. 5 */ 
vertex M of the diameter LM the lincMN thUm 
is drawn parallel to its ordinate IL, there- 
fore the |ine MN is a f tangent to the pa- i'or.e.jr: 
rabola; and becaufe the angle LMN is a l%$fthlu 
right angle to the diameter, ML is the 
^:axi$: Hence there is found the axis of \cor. z.pr) 
a given parabola; which was to be done. 7 °f thlu 

Thirdly, The axis being found, to find 
die latus teftum and focus. 

Find a * third proportional to the two * 1 1 e. r.6; 
lines ML and LI, which let be O, the line 
O will be the f latus rettutn of the axis, tM of this: 
and the fourth part of O will give the \ \def.i. & 
focal diflance from the vertex of the axis ; ipt&i' f 
therefore there will be found the latus 
reftum of the axis and the focus i which 
was to be done. 

•: After the fame manner, if the axis be 
produced from its vertex, and a part cut- 
off equal to the focal diftance, fuch as 
MP, and through the point P a right line, 
as PQ, be drawn at right angles to the a- 
xis, the line PQ^ will be the diredrix of 
the parabola, 

* r 

H PRO- 
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PROPOSITION XXI. 
Problem III. 

t 

With a given right line, and a foint 
out of it, to defcribe a parabola* which 
will have the given line for its du 
reftrix* and the given foint for its 
focus. 

E T AB be the given right Hue, andC 

the given prior, it is required to de- 

a par abola, which will have AB foi 

its directrix and C its focus. 

Firft, It is plain that the parabola may 

*Jef. t */bc * deicribed by the affiftanceof a Cjuare, 

$h "* and a threed fixed to it of the lame length 

with one of the fides of the fijuare ; or a* 

ny point in the periphery of the parabola 

may be found by the following Conftru* 

tiiE.i.i. Through the point C draw CB £ per* 
pendicukr to AB, and take any point in 
k, as D, and draw DE perpciificukr to 
BD, and from the point C in the line CD 
produced cut off a part, as Cti, equal CO 
BD, and about the center C, with the di- 
iUnce CG, defcribe a circle cutting the 
line ED in the points E and F : I lay, the 

points 
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points E and F are in the periphery of the 
parabola, which has the point C for its 
focus, and AB ks dire&rix. 

For from the point E draw E A * para!- *s^s.lu 
lelcoBD, and join EC 

Then becaufe C is the* focus, and CB 
is drawn at right angles to the dtre&rix 
AB, CB t is the axis; ai>d becaufe AEis t */. 4 •t 

- this 

parallel to BC, and ED is parallel to AB, 
AE « % equal to BD. But BD is (by the U*e -*< u 
oonftru&ion) equal to CG, that is to CE, 
therefore AE is equal to CE, and confe- 
qoently JE is * a pofrjt in the ^periphery of **♦/>*&; 

the parabola. 

And after the fimc manner may it be 
proven, that F is a_ point in the periphe- 
ry of the parabola ; and by repeating the 
above operation any number of points 
may be fouad in the periphery of a para- 
bola, and by joining thefe points the pa- 
ftbola will be described, which has the 
point C for its focus, and the line AB for 
its dire&rix : Therefore there is defcrih- 
ed a parabola, which has the given righe 
line for its dire&rix, and the given point 
6ut of it for its focus ; which was to be 

H* Or, 
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Cor. From hence it follows, that a para- 
bola may be defcribed, the line of dire- 
dion and vertex of the axis being gi- 
ven ; or the vertex of the axis and fo- 
cus given ; or if the axis its vertex, and 
.' latus rettum be given ; and laftly,. if 
the axis, the focus, and latus reftum 
of the axis be given. 
Clafe i. If the dire&rix AB and vertex of 
the axis H be. given: From the point 
*»£. J..i. n dj aw HB * perpendicular to AB, and 

make HC equal to HB, then will the 
tw.fr. i point C .be the f focus ; then by the a- 
f "' bove propofition may the parabola be. 
- defcribed, whofe focus is C and direft- 
. rix AB. 

Qafe x. If the focus.be C, and vertex of 

r the axis H : Join HC, and make HB 

i equ^l to HC, and from the point B 

i draw BA at right angles to BC, then 

will B A be the diredrix, and the parabo- 
la whofe focus is Cajid dire&rix AB, be 
defcribed as before. 
Ca/e-s, If HD be the axis, the point H 
its vertex, and the line IK its latusre^ 
t9E, 1 6, ffvm; J-et IL be taken X equal to the. 

fourth part of IK, and make HB and 
HC each equal to JL, and from B draw 

BA 
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BA pcrpcndicalar to BC, then willC 

be the*ibcus, and AB die dirc6trix;:*^/-9^ 

tHti 

. and the parabola, whole focus is C, and 

dire&rix AB, be defcribed as before, ; / 
Cafe 4. If HD be the axis, C the foctis, 
: and IK . the latuf reftutn of the axis : 

Take.IL the f fourth part of IK, make t **• '."6. 
, HC and HB each equal to IL, and from; 
. the point B draw BA $ perpendicular to} «**•*• u 
. £G, then will H be the vertex of the 

parabola; and AB the diredrix, and the 

parabola bp defcribed as before, 

PROPOSITION XXII. 

• » ■ 

P R O BLEM IV. 

A right line and a point in it being gU 
- ven, as alfo a -point out ofit 9 which 
; is below the point in the given line, 
to defer ibe a parabola which will have 
the given line for its axis, the given 
point in the line for its principal ver- 
tex, and which will pa/s through the 
other point. 

LET the, given right line be AB, the 
given point in it A, and C the given 
point out of the line AB, and below the 

point 
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point A ; it is required to defcribc a para- 
bola having th6 line AB for its axis, the 
point A its principal vertex, and which 
will pais through die point tX 

For from the point C let CD be drawn 
*i»s.i.t. ^ * right angles to AB, and find EF a 
fsie.u. | third, proportional to AD and DC, and 
% 9*. *•«• take EG \ equal to a fourth part of EF, 
and make AM and AI each equal to EG, 
tsiE.lu then from the poinr H draw HK * paral- 
lel to CD, and defcribe a parabola, %h 
as LAM, whofe focus is I and diretffrix 
MK ; I fay, that parabola, will pais through 
the given point C. 

For becaufe AD is to DC as DC is to 
EF, the reftangle contained between AD 
t S7B.1.6. and .£F is 1 equal t o the Square of CD. 
and EF is the latus re&um of the diarae- 
J5^ rx6 ter AB* confequently the point Cis % in the 
periphery of the parabola LAM ; therefore 
there is defcribed a parabola which has the 
given line AB for its axis, the given point 
in it A for its principal vertex* and which 
pafles through the other given point C, 
which is out of the given line, and below 
the given point } which w*x t9 be done^ 

PRO- 
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PROPOSITION XXIII, 

P ft O B L £ M V. 

Two right lints being given, mutually 
cutting one another, and a third line 
of any magnitude being alfo given, to 
defiribe a parabola which Jball have 
one of the given lines cutting one an- 
other for a diameter, the other a tan- 
gent, and the third line given of any 
magnitude for the latus re&um or far'* 
ameter of that diameter. 

LJ5T ABandACbe thctwo givenlfoes; 
f cutting one another at the point A, 
and DE the other given finite right line; 
it is required to defcribe a parabola which 
Will hare AB for a diameter, AC a tangent 
touching it in the point A, and the line 
DE for the latus reStum or parameter of 
the diameter AB. 

Take DF* * equal to the fourth part of * 9 e. i. « 
DE, and produce AB, and make AG e- 
qiul to DF, and through G draw GH at 
t right angles to GA, and make the angle f ue.i. i. 
CAI J equal to the angle CAG, and the $»}£./.,. 
rigfct line AI equal to AG ; then ddcribe 
the * parabola AKL, whofe focus is I and •»*#/*&. 

di- 
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dire&rix GH, then will AB be a diameter 
♦ def. 4 of w j 1D fe iat MS re Stum is * four times AG, 

***** r 

that is DE; and becaufe the angle GAC 
is equal to the angle CAI, the right line 
t s*f*»is. AC will be a | tangent to die parabola; 
therefore there is defcribed a parabola 
AKL, which has one of the lines AB cut- 
ting one another for a diameter, the other 
AC a tangent, and the third given line 
DE of any magnitude for the latus re- 
ftum of the diameter AB ; which was 

to be done. 

< ♦ 

,; PROPOSITION XXIV, 
Problem VI. 

With a given right line and a given point 
in it, as alfo any other line given in 
magnitude andpofithn cutting the fir ft 
given line in a point below the fir ft 
given point \ to defcribe a parabola 
which will have the fir ft given line 
for a diameter \ the given point in it 
the vertex of that diameter \ and 
which will pa/s through the extre- 
mity of the other given line in fuch a 
manner as that line may be a femi- 

ordinate to the diameter* 

L E T 
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LET AB be, the given right line, and A 
a given point in it, and CD any o- 
ther line given, cutting the line AB in D 
below.' the point s A ; it is. required to de- 
fcribe a parabola, which will have AB for: 
a diameter, A its vertex, and to pals through 
the point C, fo as to make CD afani-ordi* 
nate to. the diameter AB* * 

Through the point A draw AE * paral- *3i£./.tf 
lei to CD, ?nd find a f third proportional 1 9 £. i.*i 
to AD and DC, which ldt be FG, and 
Jr defcribe the parabola AHI, which has *** *'*W 
AB for a diameter, its lotus rettum FG, 
and AE a tangent to it touching it in, the 
point A : I lay, the parabola will, pals 
through .the point C,. and CD will foe a 
femi-ordinate to the diameter AB. . 

For becaufe the line . DC is - parallel to 
the tangent AE, DC ia.a* femi-ordinate *i*'/'*«; 
to the diameter AB ; and becaufe AD is 
to DC as PC is to FG, the redfeangie cdn-\ 
twined between AD and FG.ia f ecjual to 1*7 e.l* 
the fquarc Of DC; add becaufe from the 
point C the line CD:JS/;dr;twn.to the dia- . 
meter AB, parallel to an ordinate, and 
awing it Below, its iertex A, lb as to . 
ritoke the je&angie coatamed between the 
abfeifs AD and latus re If urn FG equal to 
. . . : I the 
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the fquare of the line CD, the point Q 
?i6*ftkh. * is in the periphery of {he parabola ; 
therefore there is a parabola AHI defcnb* 
ed, which has the given line Afi a diame- 
ter, the given point A in it, its vertex, and 
the other giyen line DC cutting AB below 
the point A, a femi-ordinatc to AB, and pat 

*«*m#C .!«*»* **..*.. 
line D|C ; which was to be done. 

The following definitions are the firft nine 
i^i the firft Bopk of Apottoqius 5P*r- 
gtus's Conies. > 

i, 10. If front any feint a right line 
be drawn touching the circumference of 
a circle, which is nbt in the fame plane 
with it, and produced both ways, the 
point being fixed, and the right line 
moving round the circumference of 
the circle until it came to the place 
it began to move at; the farfaces de- 
< fcrihed by the motion if the right line* 

and having the faced point far both 
their vert exes, either • of which, far- 
faces may be infinitely augmented, if 
the right line with which they are ge~ 
nerated be infinitely produced ; is called 
a conical liir&ce, 

' • Z, II. 






JJookL Elements of [Conic SeBionh p? 

a, ix. The fixed foint round which 
the right line mives is edited the vertex; 

5, ix, A tight line which is drawn 
through that foint and the center of th^ 
vjreit is taffodibvi wis, 

4, *j. The figure which is thntOned 
ittwetn, the circle and the cunitad } fur- 
face* intercepted between tb& \rertex 
and the circytqftrewe of the circle % is 

fdUd^Qom- *' ' : 

$ y £4. '.The vertex of the conejfjhat 
pint which is the vertex of the conical 
fur f ace % 

& If f The vM&.qfjtbe cone is a right 
fine which is drawn from its vertex to 
the center of the circle. 

7, 1$. The circle itfilf is called the 
we of the cane.. 

%, ij.A [cone y which has its axis fer* 
fendicplajr to the bafe is called a fcfl* 
angqfer QOfle. 

9, iJt. Tbofo caries are called fcalefts* 
«6<V6 ifaw not their axis ferfeudicit*. 
1 \*r to their bafes, 



A % 
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PROPOSITION XXV. i 
. Thepum 2£I2£. ' 

4 < 

Right lines drawn from the vertex of 

' the fur face of a cone to points that 

are in the fur face 9 coincide with the 

fitrfaee of the cone\a). 

< • • 

LE T B AC be the lurftce 6F any cone, 
, its vertex A, and the right. fine ADB, 
loiried to the point B in the furface ; Ifay, 
the right line ADB will wholly coincide 
with the furface ; foz, if poffiblfi, let it not 
coincide with the fitrfaee, and let CE be 
the right line which defended the Surface 
and let BFC be the' circle round which EC 
- is moved ; therefore if A remain fixed, and 
EC move round the. circle BFC, then wiO 
tjie lih? $C pafs through the point B, ap^ 
confeqiiently there will be two different 
right lines ADB and AGB, having jhe fame 
* ax, 10 e. extremities, which is * abfurd. \' . 
'* ' Therefore right s lines drawn from th y e t 

vertex of a cone to points In the fur~ 
face, will wholly coincide with the fur* 

face i \yhich was tq be demonftrated. 

J- • * •* Cor* 

(a) This is the firft propofitipq pf the £rft book of ( 



\~ 
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' Cor. Ftfom hence it is manifeft, that if a 
*- figkt line be di&wn from the tertex of 
- the furface of a cone, to -a point either 

within or without the cone, In the firft T ' 
^-cafc it will ly Wholly wiriiirf the cone, 
juk} in the feeondcife wholly without it. 

PROPOSITION XXVI, ■ 

Theorem XX, ■ J - 

Jf a cone becut by a f lane faffing through 
* it**&eftex y the fe&kn ifa-rigbp lined 
triable {a) f l . , , L 

I EX* ABC beany cone, «ks vfcrte* A, 
-rf 4b<l its baft the circle BGF, which is 
CTt by any pJafre paffingthrough'the point 
A, * arid making a fe&ion that is bounded 
in, tjie iurfkce with certain lines, as AH 
and A&> and in the hafe with the lipe HK, 
which laft line. is a * right line: I fay, ** E - '•"? 
AHK is i. right lined triangle. 

For; becaufe a right line drawn in the 
cutting plage, from the point A to % the 
point H, f coincides with the furface of \*%pftb% ' 
the cone, therefore the cutting fedtion, and 

ftu> 

_ 1 

^ (*) This is th* third ptt>pafitiw qf tfc? firft t>Qok qf 
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forfaoeof theeoac wt^eeiactd* inffaftfte 

AH an4 AK, which are thjeir <?oranjd* ft- 
♦^M^Otom, fright ltec*, ButJlKw;aH*fore 



I 



prev$n to be a right Jjne$ wh&*f$f5 the 
triangle AKK Is ^ right lined triangk,. 

There&re, If 4 cone be cut by a plant 
faffing through its vertex, the fe&ion 
is a right lined triangle j which wajs to 

be denjoiteto^. : 



• - 4 




proposition xxvu; 

Theorem 

Jf eithtf of the cental fntfaces abdfrt \ 
the fame vertex be cut by a flan* pa- 
rallel to *be circle about whlth the 
right line moved that deftribtd the 
fur face % the fe&io* hounded fy the 
furface ha circle which has 4u fen\ 
ter in the axis ; and that j$gure ty- 
ing between the cfccfc and that fa*t 
of the eoujeaf fur face- intercepted be-. 
fween its ven 
is a com (*). 




JMlenm. 
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LET there be any conical forfecewhofit 
v<5rtex is A* and BDC the circle in 
which the line- is carried that de&ribes die 
fcrftce, and let if be cat by any plane pa* 
ra&l to the circle BDC, and let the k&i- 
on Make in the fiirfkce a figure bounded 
by die line BFL } I fay , the figure EHFL 
is a circle which has its center in the axis. 

Eo* find M the ceni^ fcf the circle BDC, ♦ i *. /.* 
a&d join AI, tfren wiU AI f be the axis, t^/- i»tf 
and will meet thfc cutting plane, which let '*"* 
be in the point K, and througMhe axis 
Al let any plbne bft drawh ABC, the ft- 
jdfon made by that cutting plane, viz. 
ABCr is a % right lined triangle ; and be- frfftbu. 
caufe the points E, K, F, ate in the cutting 
plan* ELF, and alfe in the plane ABC, 
ttefitfe EKF is a * right line. Again, l$t ^ea.iu 
any point, as H, be taken to the line DL*£, 
join AH, which produced will m^et the 
ciitamfetenc6 of the circle BDC, which let 
bcin D, and join KH and ID. 
Then becaufe the two parallel planes 
and EL|F axe cut by a third ABC, 
common fe&ions f are parallel, there- j ,*£./.,,; 
eBC is -parallel to EF ; and for the fame 
cafonID is parallel; to KH ; canfequently . . 
tatwo triangles AIB, AKE, are \ fimilar ; j 4£ . u. 

there- 
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therefore as AK is to AI, fo is EK to 81 ; 
and for the lame reafon.as AK is to AIf. 
lb is KH to ID ; and alio as AK is to AI, 

♦u ea. % . fo isKF to CI; therefore * as IB is toKE, 

fo is ID to KH, and fo is IC to KF, But 

• BI, ID and IC, are all equal to one another* 

U+E.I+ ^erefore EK, KHand KF,. are f Ukewfc 
equal to one another ; and after the lame 
manner may it be proven, that all the 
right lines drawn .from the point K to the 
line EHFL are equal to one another ; there* 
fore the figure EHFL is a. circle, and has 
its center K in the axis ; and fince die fi- 
gure EHFL is a circle, it is evident that 
the figure intercepted between that circle 
and the vertex A is a co&e. 

Therefore, If either of the conic ulfur-\ 
faces about the fame vertex be cut by a 
plane parallel to the circle about which . 
the right line moved that defcribed the . 
/urface 9 the fe&ion bounded by the fur- 
face is a circle that has its center in. 
the axis ; and that figure lying between 
the circle and that fart of the conical 
fur -f ace \ intercepted between its vertex 
and the cutting plane \ is a cone > which 
was to be demonftrated. . 

' . . PRO- 
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PROPOSITION XXVIII. 
Theorem XXII. 

If a cone be cut by a plane faffing 
through the axis, as alfo by another 
plane which cuts the bdfe of the cone 
in the direction of a right line, per- 
pendicular to the bafe of that tri* 
angle pajjing through the axis, and 
if the common fettion of the cutting 
plane; and of the triangle paffing 
through the axis, bt parallel to one 
fide of the fame triangles the figure 
formed by the common feffion of the 
cutting plane and the conical fur face i 
will be a parabola having the com- 
mon feftion of the cutting plane, and 
the triangle pajjing through the axis 
for a diameter. 

LET A be the vertex of a cone, the 
the circle BDG its bafe cut by a plane 
through its axis, and let the triangle ABC 
be formed by that fe&ion, and cut by an- 
other plane which cuts the bafe of the 
cone, according to the direction of the 
right line EG perpendicular to BC, and 

K let 



£%-• 



-«•(•)! 
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let EFG be the figure which the 
mates with the conical farface, and let 
FM, the common fe&ion of the catting 
plane and triangle through the axis, be pa* 
rallel to AC (me fide of the feme triangle: 
I fay, the figure formed by the line EFG 
is a parabola, which has FM the common 
fe&ion of the cutting plane and tyiangle 
for one of its diameters. 
For take any point in the fedion GFfi, 

**iE.i. i. fuch as H, and through H draw HI * pa* 
rallel to GE, and produce it until it cut 
the line MF in I, and through I draw KIL 
parallel to BC. 

Then becaufe LI is parallel to BC, and 
HI to EG, the plane which paties through 

fi5£./.n. LI andlHis f parallel to the plane which 

pafles BC and EG ; that is, the plane pa£ 

iing through LI and IH is parallel to the 

, bafe of the cone ; therefore the plane paf- 

^ir of this, fing through LI' and IH J is a circle whofe 
diameter is LK ; and becaufe EG is per* 

*io£./.u.pendicular to BC, therefore HI is * per- ' 
pendicular to LK ; therefore the re&angle 

U&ise. contained between IL and IK is f equal to 

/- 3 ' the fquare of HI ; and for the fame reafon 
the rectangle contained between BM and 
MC is equal to the fquaf e of ME ; there- : 

fore 
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lore the Iquare of IH is #> the fijtiarc qf 
ME, as the re&angle contained between 
IL and IK is to jthe re^ajjgip cojjfciiaed . 
fcetwaen PM ajjd M£j md became JK fc 
♦eqi^t^MC, th^eftret^ 
taioed between IL am} IK is tos)j$ re&yigle 
contained b^twee^BM and MC>t^ &£*>*& * lE ' Um 
LI is to tfre i^e PM ; and fyecaute the tri- 
angles ^IF wdRMF we fim&y: Jy ; as LI is * * £ - /b 6 * 
to JJftf ,fo isFItoFM; therefore tbefquare 
pf HI * « 10 the %wre of EM, as: FI is* 11 ^ l *" 
to FM 1 and if a . pataboM fee f jkfc/ibed, tn<f f«* 
which has FM for its diameter, and F the 
Vertex, and EM an ordinate to that dia- 
meter, and bqcaitfe by the qonftm#ion the 
point E is in the periphery of the parabo- 
la, the point H $ will alfo be a point in Jn'Mfe 
the periphery of the parabola. And after 
the {aiDfi maimer may it be proven, that 
all the points in the fe&ion afe points in 
the periphery of a parabola, and confer 
quently the figure EFG is a parabola, and 
fM the common fe£Hon of the cutting 
$>lane, and triangle paffing through the a- 
xis, is a diameter to it. 

Therefore, If a cone be cut by apian* 
faffing tbraugh its axis, and alfo by an* 
other pia^e which cuts the kafe in th& 
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direction of a right line, perpendicular 
to the bafe of the triangle faffing through 
the axis, and if the common fettion of 
the cutting plane, and triangle pajfirig 
through the axis, be parallel to one fide 
of the fame triangle, ithe figure formed 
by the common fell ion of the cutting 
plane and the conical fur face, is a pa- 
rabola which has the common feBion of 
the cutting. plane, find the triangle paf 
fingf&roujghfhe ax fa, for one of its di- 
ameters i which was to be demonflrated. 



Tfr? end efthefitft Hok f 




A \ 




P If E 



/EMENT3 



Q f 



>nie 




BOOK IL 
Of the ELLIPSE. 
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pEFINITIQNS. 

IF any two points, as A and B, b*> 
taken in any plane, and in them 
i are fixed "the extremities of a 
feed, whofe length is greater than the 

ftnce between the points and the 
eed extended by means of a finall pin 
\ and if the fin be mo*Oed round frofy 
ky point until it return to the place 
Tom whence it began to move, the t breed 
king extended during the whole time of 
foe reyotytioh, the figure which the 
ynallfin by this revolution defcribesis 
Ulled an ellipfe. 
■ II. The two points A and B are called 

m>7k 
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of Conic 



in. The joint D, *,bere tbe\ 
tercepted between the two foci *i 

iv n d ?? <Xatct *f' b < <'*> 
iv. The ftftnce between the a 

***"<? the foot „ rt k4 ^ 
tacity of the ellipfe. 
V. Any right line drnwn tl 

C tT er ,l *?* l fermi *«'J both 
the ellit>r» :.—n. .. -. 



diameter 



* * » — »nr« a diameter* a 

vt « *? e "***<* '/**« <& 

*xis. ^ ^^ ^o 

VIII. 7«w diameter* or a a;j *. u 
0>f the 'tines that «r. fi * m *H 
tticr. S"" elh tfi< »*<l fralkluik 

dimeter i. .„,, j " *" "fitted In i 
-W„.' ' * w <*&>*<: ft * 

«* \'V««n,«er wbi(b h 

I 
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U anj/ ordinate of d diameter, is alfo 
called an ordinate to that diameter.: 

X. The figment Of a diameter inter- 
cefted between any ordinate and its ver- ' 
tex & called fte abfcife of that ordinate; 

X-l- Athftd j>fd$Ortiondl to two con* 
jugdte didHtieter's is edited the parameter, 
or laites rd<3um to that diUnteter, which 
h fiffi iii frpjmion. 

Xit Any right 'KM ibhieh touches 
the elltffe in Me point only, and Seirtg 
produced /Ms -without it, ii called z 
riflgeht to tU tfltyfe. 

P&6P6SI? ioK i. 

The orem I r 

» ■ - 

If from atty point in the periphery of 
ah eltipfe two right lines be drawn 
, to the foci> thefe two lines taken to- 
gether are equal in length to the great* 
er axis. 

LE T C fee any point taken in the pe- 
riphery of an ellipfe, and A and & 
the two foci, and EF the greater 
axis, and let the two lines CA and CB be 
drawn from the point to the foci ; I fey; 

thefe 
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thefe ttyo lines C A and CB taken together 
are equal to the greater axis EF. 

For becaufe C is a point taken in the 
periphery of an ellipfe, the two lines AC. 
* <i$f. i */and CB taken together are * equal to the 
length of the threed with which the ellipfe 
\yas dcfcribed ; and becaufe the points E 
and F are alio in the periphery of the el- 
lipfe, the two lines EA and EB taken to*, 
gether are; equal to the two lines AF and 
BF taken together; becaufe they are both 
equal to the length of the generating threed, 
take AB, which is common, away from 
both, and there Will remain twice EA e- 
qual to twice BF, and confequently EAis 
equal to BF ; add EB, which is common, 
then will tbfc two liijes EA and EB taken 
together be equal to EF the greater axis. 
But E A and EB taken together are equal 
in length to the generating threed with 
which the ellipfe Was defcribed, and AC 
and CB taken together were alfb proven 
equal in length to the fame generating 
threed ; therefore AC and CB taken toge- 
ther are equal in length to EF the greater 
axis of the ellipfe. 

Therefore, If from any point in the 
periphery of an ellipfe two right lines 

be 



■ 

Book II. Elements of Conic Se&ions. 8 x 

he drawn to the foe u thefe two lines 
taken together are equal to the greater 
axis ; which was to be demonftrated. 
Cor. i. From the above demonflration it 
follows, that the greater axis of an el- 
lipfe is bife&ed in the center ; for be- 
caufe * AD is equal to DB, and EA • */- 3 '/ 
was proven equal to BF, therefore ED 
is equal to DF. 
Cor. x. If two right lines be drawn from 
any point, without an ellipfe, to the fo- 
ci, thefe two right lines taken together 
are greater than the greateft axis ; but 
if two right lines be drawn to the foci 
of an ellipfe from any point within it, 
thefe two lines taken together are le& 
than the greater axis, both of which 
plainly follow ftomfrop. xi. E. I. i. 
Cor. 3 . From hence it is manifeft, that if 
the ium of two right lines taken toge- 
ther, drawn from any point to the foci 
of an ellipfe, be either greater, equal to, 
or lefs than the greater axis, in the firft 
cafe the point will be without the ellipfe, 
in the fecond it will be in the periphe- 
ry, and in the laft cafe it will be with- 
in it. 
Cur. 4. The diftance of the vettexes of 

L the 
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the fmaller axis from the foci is cqi 
to half the greater axis ; for Jet G 
H be the vertexes of the (mailer axis,* 
and join AH and HB, then becaufe AI>| 
•cf.i.pr. is * equal to DB, and DH is common, 

V A f this 

and the angles ADHandBDH are both 
f*/. 7 •f f right angles, therefore the bafe AH 
\ 4 £. /. i. is % equal to the bale BH, and (by the 

above propofition) both taken together 
are equal to the greater axis ; therefore 
each of them is equal to half the great- 
er axis. 
^ Cor. 5. The lefler axis of any ellipfe, as 
GH, is bife&ed in the center ; for from 
. the focus A draw the right lines AH 
and AG to its vertexes, which are e- 
qual to one another, (by the preceed* 
ing cor.) therefore the angles AGD and 
* se. 1. 1. AHD are * equal to one another, and 

the angles ADG and ADH are right 
ti6£./.i. angles, confequently GD is f equal to 

DH ; therefore the lefler axis GH is bi* 
fe&ed in the center D. 



PRO 



. 
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PROPOSITION II. 
Theorem II. 

Th* fquare of half the fmaller axis of 
anyellipfe is equal to a reft angle con- 
tained between the figments of the 
greater axis, intercepted between 
its vertex es and one of the foci. 

LE T EGF be any cllipfc whofe foci are 
A and B, and D its center, EF die 
greater axis, and GH the Smaller ; I lay, 
the fquare of GD, half the fmaller axis, is 
-equal to a re&angle contained between FA 
and AE, the fegments of die greater axis, 
intercepted between its vertexes' E and F, 
and one of the foci A. For join AG ; 

Then becaufe the angle GDA is a right 
angle, tfoeiquare of GA is * equal to the * 47 *•'•»• 
film of the two fquaxes of GD and DA : 
But AG is f equal to ED, therefore the U^pF* 
two fquares defcribed upon GD and DA 
arc equal td the fquare of DE. Again, be- 
caufe the line EF is equally cut in D, and 
unequally cut in A, the fquare of ED is 
\ equal to the re&anglc contained between \ 5 e. l ». 
FA and AE, together with the fquare of 
AD ; therefore the two fquares defcribed 

L z upon 
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upon AD andDG are equal to to the red- 
angle contained between FA and AE, to- 
gether with the fquare of AD ; take from 
both the fquare of AD, (which is common) 
there will remain the fquare of GD, half 
the finaller axis, equal to the rectangle 
contained between FA and AE, that is, 
the fegments of the greater axis intercept- 
ed between its vertexes and one of its fori. 
Therefore, The fquare of half the 
fmaller axis of any elliffe is equal to 
a rectangle contained between the feg- 
ments of the greater axis intercepted 
between its vertexes and oneofthefbeii 
which was to be demonftrated, 

PROPOSITION III. 

f 

Theorem III. 

Every diameter of an ellipfe is bifeftei 
in the center, 

LET KL be a diameter of any ellipfe, 
whole center is D, I lay, KD is equal 
to DL ; for if DK is not equal to DL, let 
DK, if poflible, be greater than DL, which 
, produce, and make DI equal to DK, and 

from the points K, L and I, draw the lines 

KA, 
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* 

KA, KB, LA, LB, IA and IB to the foci. 

Tlien becaufe AD is * equal to DB, *^/ ri 
and KD is equal to pi, and the angle 
KDB f equal to the angle AD I, therefore ^ EA *\* 
the bafe KB is % equal to the bale AI ; and \\z. i i. 
after the lame manner may AK be proven , 
equal to IB; confequently the two lines 
AK and KB are equal to the two lines AI 
and IB. But the two lines AK and KB 
are * equal to the two lines AL and LB, * * •fthlz 
therefore the two lines Al and IB are e- 
qual to the two lines AL and LB ; that is, 
two lines drawn from the extremity of 
one fide of a triangle, meeting within it, 
• equal to the two other fides of the tri- 
angle, f which is abford; therefore DL is \™eX\\ 
not (mailer than DK, and after the fame 
manner may it be proven not to be great- 
er than DK; consequently the diameter 
KL is bife&ed in the center D, 

Therefore, Every diameter *f an el- 
lip fe is bifetfed in the center y which 
wa$ to be demqnfbated, 



[ PRO- 



86 Elements of Conk Se&ions. BookIL 



PROPOSITION IV*. 



/^T"^ 



Theorem IV". 

a If from any point in the periphery tfu 
*****. vuAM f**~ e Hip fe, which is not the vertex 2 ofei- 
** ^^ yr^' t her axis, a right line he drawn to the 
U^TZ'*'*'*^ near eft focus, as alfo a line perpend*. 
77^7 *<"***" f?" 4 ? cu ^ ar t0 f be greater axis ; and if firm 
c^^ tUt f h ^\Z^ y ^ la the vertex of the axis neareft to the 
1**" ^ ^^L- given point, a part he tut off towards 
y** the center, equal to the line drown 

from the given point to the neareft fi- 
tus, half the greater axis has the Jam 
proportion to the excentricity, as the 
fegment of the axis, intercepted fa. 
tween the center and perpendicular, 
has to the excefs by which half the 
greater axis exceeds the line drawn 
from the given point to the fteamft 
focus* Alfo> the fquare cf the perpen- 
dicular will ielefs than the rttfangle 
contained between the fegme*tsof the 
greater axis, intercepted between its 
vertexes and perpendicular by a refit- 
angle contained between the fegment s 
of the fame axis, intercepted between 
the extremity of the line cut off from 

the 
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the vertex of the axis towards the 
center, equal to the line drawn from 
the given point to the near eft focus* 
and the flcL 

LET ABC be any ellipfe, AC its great- 
er axis, D and £ the foci, aad F the 
center, and B any point taken in the peri* 
phery; and let BE be drawn to the near- 
eft focus, andBG perpendicular to the great- 
er axis AC, and from the vertex C, near- 
eft to the givep point B, CH is cut off to- 
wards the center equal to BE : I fay, as 
FC, half the greater axis, is to FE the ex* 
cencricity, fo is FG, the dtftaoce between 
the center and perpendicular, to FH the 
excels by which the femi-axis FC exceeds 
BE the line drawn from the given point 
to the neareft focus. 

For join BD to the other focus D, and 
about the center B, with the diftance BE, 
ddcribe the circle IKL, cutting the great- 
er axis again in the point K, and the line 
DB in the points I and L. 

Then becaufe DE is * double to FE, * gtf. * *f 
and EK is t double to EG, therefore ?% , 
UK is double to FG; and becaufe DL 
is equal to DB, and BE taken together, 

and 
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and DB and BE taken together are *.e- 
• i of thu. qual to AC, therefore DL is equal to 
AC, confequently DL is double of EC, 
and IL is double of IB or CH ; there- 
fore the remaining part DI is double 
the remaining part FH ; and becaufe 
DL and DE are drawn cutting the circle 
from a point without it, the redangle con- 
f cor. i. 37 tained between DL and DI is t equal to 
the redangle contained between DK and 
}i6E.i.6. ED; therefore as DL is to J DE, fo is 

DK to DI, and, by taking their halves, 
it will be as FC, half the greater axis, is 
to FE the excentricity, fb is FG, the di- 
ftance of the center from the perpendicu- 
lar, to FH the excels by which half the 
greater axis exceeds CE ; that is, BE the 
line drawn from the given point to the 
neareft focus. W. W. D. 

I lay likewife, that the fquare of the 
perpendicular BG will be lefe than the red- 
angle contained between AG and GC, viz* 
the fegments of the greater axis, intercept- 
ed between its vertexes arid the perpendi- 
cular, by the re&angle contained between 
DH and HE, viz. the fegments of the 
greater axis, intercepted between H the 
extremity of the line HC, cut off towards 

th? 
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the center from the neareft vertex C, e* 
<jual to BE the line drawn from the given 
point to the neareft focus, and the foci D 
andE. 

For becaufe the right line FC is any- 
how cut in H, * the fquares defcribed up- * 7 e. /. £ 
on FC and FH are equal to twice the red- 
angle contained between CF and FH, to- 
gether with the fquare of HC; but the 
fquare of HC is equal to the fquare of BE, 
therefore the two fquares defcribed upon 
FC and FH are equal to twice the red- 
angle contained between FC and FH, to- 
gether with the fquare of BE. But the 
fquare of BE is f equal to the two fquares U7&-1-A 
defcribed upon BG and GE, confequently 
the two fquares defcribed upon FC and 
FH are equal to twice the re&angle con- 
tained between FC and FH, together # with 
the two fquares defcribed upon BG and 
GE. Again, becaufe (by the above demon- 
ftration) FC is to FE as FG is to FH, 
therefore the re&angle contained between 
FC andFHJis equal to the redtangle con- \\6R.iti 
tained between FG and FE ; confequently 
twice the re&angle contained between FG 
and FE, together with the two fquares de- 
fcribed upon BG and GE, are equal to the 

M two 
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two (quares defcribed upon FC and FHj 
r& But becaufe the Ifae FG is any how cut in 

* 7 e. /.». e^"* the two Iquares defcribed upon FG 
^ and FE are equal to twice the rectangle 
contained between GF and FE, together 
with the fquare of EG ; confequently the 
two fquares defcribed upon FC andFH are 
equal to the three fquares defcribed upon 
FG, FE. and BG ; take from both the two 
fquares defcribed upon FG and FH, and 
there will remain the re&aogle contained 

1 5 e. i. ». between AG and GC, f equal to the red-, 
angle contained between DH and HE, to- 
gether with the fquar e of BG ; that is, the 
fquare of the perpendicular BG is lefe than 
the rectangle contained between AG and 
GC the fegments of the axis, intercepted 
between its vertexes and the perpendicu- 
lar, by the reclanglc contained between 
DH and HE, the fegments of the axis, in- 
tercepted between the extremity ©£ the 
line cut off it towards the center fron» die 
neareft Vertex, equal to the hne drawn 
from the given point to the neareft focus, 
and the foci D and E. 

.Therefore, If from any faint: m the 
periphery of an elliffe, &c. which was 

to be demonftrated. 

Or. 



Book II* Ekmtnts vf Conic Se&iws* $i 

Cor. From tte firft part t)f this prdpofiti- 
on it follows, that if any line, fuch as 
AC, fee given, and btfeded in F> and 
any other point, as E, between F and 
C be given, and from the point B BG 
be drawn perpendicular to AC and BE 
joined, to which let CH be made equal, 
cut offfrom C towards F ; and if FC be 
to FE as FG is to FH, then will the 
point B be in the periphery of an ellipfe, 
which has AC for its greater axis, and 
E for one of its foci. 

For make AD equal to EC, and let an el- 
lipfe * be defcribed, which has AC for * **f* > */ 
its greater axis, and the points D and 
E for its foci, then will B be a point in 

, the periphery of that ellipfe ; for if not, 
let the ellipfe, if poflible, pafs through 
the point M, and join EM, and make 
" CN equal ta ME ; theif (by the above 
proportion) FN will be to FG as FE is 
to FC. But FE is to FC f as FH is to t *#*** 
FG, therefore as FN is to FG $ fo is *"*/<*« 
FH to FG, and coflfequently FH is * * *z* l*u 

: equal to FN, a part to the whole, which 
is abfiitfd ; therefore the ellipfe does not 

' cut the line BG in M ; and after the 
feme fanner* may it be demonftratcci* 

M.* that 
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that the ellipfe cannot meet the line BG 
in any other point than B;. therefore 
B is a point in the periphery of the el- 
lipfe, 

PROPOSITION V. 
Theorem V* 

If from any point in the periphery of 
an ellipfe \ a line be drawn parallel 
to one axis and cutting the other \ the 
fquare of the axis to which it is drawn 
will be to the fquare of the axis to 
which it is parallel, as the re El angle 
contained between the fegments of the 
axis, intercepted between the line 
drawn cutting it and its vert exes, is 
to the fquare of that line. 

LET ABCD be any ellipfe, AC the 
greater axis, BD the fmaller, E and 
F the foci, and G the center, and H any 
point in the periphery ; and from }i let a 
line be drawn parallel to either axis, and 
firft let it be parallel to the finally axis 
BD, as HK, cutting the greater axis in K : 
I fay, the fquare of the axis AC is to the 
fquare of the axis BD, $$ the r^angle 

con- 
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contained between AK and KC is to the 
fquare of HK. 

For join the lines HE and HF to the 
foci, and from the vertex C of the greater 
axis, neareft to the point H, cut off CL 
towards the center, equal to HF the final- 
left of the lines drawn from the point H 
to the foci. 

Then becaufe GC is to GF * as GK is % tftbk; 
to GL, the 'fquare of GC is f to the fquare t«£./.6, 
of GF as the fquare of GK is to the fquare 
of GL ; and bfecaufe the fquare of GC is 
to the fquare of GF, as a part taken 
from the one, viz. the fquare of GK, 
is to a part taken from, the other, viz. 
the fquare of GL ; therefore % the remain- V^ex *; 
der of the fquare QC, viz. * the red- * s* i-*i 
angle contained between AK and KC, is 
tp the remainder of the fquare of GF; 
viz. the rectangle contained between EL 
and LF, as the fquare of GC is to the 
fquare of GF; and by f converfion, asfi^.s; 
the fquare of GC is to the re&angle conr 
tained between AF and FC, fb is the rect- 
angle contained between AK and KC to 
the excefs by which the re#angle con- 
tained between AK and KC exceeds the 

R&ngle cpjitamed between EL and LF; 

that 
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* Arftbh. that is, * the fquare of HK, and the red- 
angle contained between AF and FC, & 

_f -x of this. \ equal to the fquare of GB, half the {mai- 
ler axis ; therefore as the fquare of GC is 
to the fquare of GB, fb is the re&angle 
contained between AK and KC to the fquare 
of HK ; and by quadrupling the firft ratio 
it will be, as the fquare of the axis AC is 
to the fquare df the axis BD, ibis the red- 
angle contained between AK and KC, the 
ftgments of the axis, intercepted between 
its vertexes and the line, to the fquare of 
the cutting line KH, 

Cafe %. When the line drawn from the 
given point H, as HM, is parallel to the 
greater axis AC, and cutting the (mailer 
axis BD in M ; I fay, the fquare of BD is 
to the fquare of AC, as the re&angle con- 
tained between BM and MD is to th$ 
iquareofMH. 

For (by the above demoaftration) as the 
Iquare of GC is to the fquare of BG, fb is 
die rc#angle contained between AK and 
KC to the fquare of KH, or MG, which 

j3 4 £./.i. is \ equal to it; by inversion it Svill be, 
as the fquare of BG is to the fquare of 
<}C f fo is the fquare of MG to the reft- 
angle contained between AK and KC \ and 
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fincc the whole, viz. the fquare of BG„ 
is to the whole, viz. the fquare of GC, 
as die fquare of MG, a part taken from 
the one, is to the re&angle contained be- 
tween AK and KC, a part taken from the 
other, then will the * refidue of the one, **9E.Ls: 
viz. f the redangle contained between t s £ - *•*; 
BM and MD, be to the refidue of the o- 
ther, viz. the fquare of GK, or MH which 
is equal to it, as the fquare of BG is to 
the fquare of GC ; and by quadrupling this 
laft ratio it is, as the fquare of the axis 
ED is to the fquare of the axis AC, fb is 
the re&angle contained between BM and 
MD, the fegments of the axis, intercept- 
ed between its \extexes and the cutting 
line, to the fquare of the line HM. 

Therefore, If from any point in the 
periphery of an ellipfe* a line be drawn* 
cutting either of the axes, and parallel to 
the other, the fquare of the axis to which 
it is drawn is to the fquare of the axis 
to which it is parallel, as the reftangle 
contained between the fegments of the 
axis, intercepted between the line drawn 
cutting it and its vertexes, is to the 
fquare of that line y which was to be 

dcmonftrated, 

Cor. 



•#* 
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\br. i. From hence it follows, that if 
\here be any number of points taken in 
the periphery of an ellipfe, and from 
thpm lines be drawn parallel to one of 
thfe axes, and cutting the other, then 
will the fquares of thefe parallel lines 
be to one another, as the re&angles con- 
tained between the fegments of that a- 
xis to which they are drawn, and inter- 
cepted between the lines and its ver. 
texes. Alfo right lines terminated both 
ways by the ellipfe, and parallel to ei- 
either axis, arc bifedted by the other; 
that is, the two axes are conjugate dia- 
meters. For let the lines HK, NO, be 
parallel to the axis BD, and meeting the 
axis AC in K and O ; then (by the a- 
bove prop.) it is, as the fquare of AC is 
to the fquare of BD, fb is the re&angle 
contained between AK and KC to the 
fquare of KH, and fb is the re&angle 
contained between AO and OC to the 
?n£\fc *. fquare of ON; and confequently as * 

the redfcangle contained between AK and 
KC is to the re&aagle contained between 
AO and OC, fb is the fquare of KH to 
the fquare of ON. And if HK be pro- 
ceed until it cut the periphery in P. 

HP 
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- HP will be bife&ed in K. Forbecaufe 
the redtangle contained between AK and 

. KC is to the fquare of KH, fa is the 
lame re&angle contained between AK 
and KC to the fquare of KP ; therefore 

. the fquare of HK is * equal to the fquare * 9& /. a 
of KP, and conftquently the line. HK 

. is equal to KP, that is* the tw^o axes 

AC and BD are | conjugate diameters, t */- * 4f 
Cor. %. Any right line terminated both 
ways by the periphery of an ellipfe, 

. and bifedted by either axis, is parallel 
to the other. Let the right line HP be 

> terminated both. Ways by the periphery 

. of the ellipfe, and bifedted in K by the 

, axis AC, HP is parallel to the other a- 

. xis BD ; for if not * from H draw any 
othet line, if poffible, ^ parallel to BD, J***.* •»! 

r as HR, cutting {he axis in T, and the 
periphery in R, and draw RS parallel 
to AC; which cuts HP in S ; then be- 
caufe RS is parallel to TK, * as HT is * » * «-«j 

. to TR, fo is HK to KS. But (by the 
above corol,) HT is equal to TR, there- 
fore HK is equal to KS ; but HK is f e- 1 ht°*K 
qual to KP, wherefore KS is equal to 
KP, a part to the whole, which is ab- 

N furdi 
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furd; therefore the right lint HP is pa- 
rallel to die axis BD. 
Cor. $ . Equal right lines terminated by 
the periphery of an dlipfe, and parallel 
to either of the axes, die fegments of 
the other axis cut off by thefe lines to 
the center are equal ; and if they be pa- 
rallel to either of the axes, and die feg- 
ments of the other axis cut off by them 
from the center he equal, they are equal 
to one another. For let HP and V Y 
be equal to one another, and parallel to 
BD, GK will be equal to GX $ becaafe 
HP is equal to VY, Hit is equal to 
*t»r.t.fr. VX; therefore XK is * equal andpa- 
ifjtu. rallel to VH, and VMis fequal toMH, 
inE.i. i. that is, XG is $ equal to OK ; and af- 
ter die time manner may it be demon- 
ftrated, that if GX be equal to GK, 
VX is equal to HK. 
Cor. 4. An ordinate drawn no the tranP 
verie axis through either of the foci will 
be equal to the latus re&um ©F ttiat a- 
xis; for through the focus Flet ZFa be 
drawn an ordinate to the tranfverfe axis 
AC; then kecaufe the fquare of GC is 
to the fquare of GB, as the rectangle 
contained between- AF and FC, that is, 

♦the 
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' * the fytare of G& is to the iquare of* %'rftUs. 
FZ, therefore as GC i$ to GB t ib is 
GB to FZ j and by doubling the terms, 
as the tranfverfe axis AC is to the con- 
jugate axis BD, fo is the conjugate BD 
to the ordinate 2a ; therefore Za is f the \ffi 1 1 °* 
latus wiftura of the traofverie axis, 

PROPOSITION VL 

T H E p R E M VI. 

If a circle be defcribed, which has ei- 
ther of the axes of an ellipfe for a 
diameter, and right lines drawn pa- 

F rallel to the other axis, and produ- 
ced until they cut the periphery of 
the circle, the fegments ofthefe lines, 
intercepted between the given axis 
and the periphery of the eircle, have 
the fame proportion to one another* 
as the fegments of the fame lines in- 
tercepted between the given axis and 
the periphery of the eliipjfr. 

LE T ABCD be any ellipfe, AC thegreat- 
e* , and BD the fmaller axis, E the 
center, and let ALC be a circle which has 
the axis AC for a diameter* and from the 

Ni points 
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points F and G in the ellipfe let the right 
lines FH, GK, be drawn parallel to the 
axis BD, and cutting the periphery of the 
circle in L and M ; I fay , as FH is to GK, 
fo is LH to MK. 

For join the lines LA , MA, LG and MC ; 
Then becaufe ALC is a femicirle, the 

♦$i£./ : 3. angle ALC is a * right angle, and LH is 
drawn perpendicular to the bale AC ; there- 

\cor.z:E. fore as AH is t to LH, fo is LH to HC; 
confequently the re<Stangle contained be- 

licE.u. tween AH apd HC^is equal to the fquare 
of LH ; and fpr the lame reafon the r$<3> 
angle contained between AK and KC i$ e- 
qual to the fquare of KM ; therefore as th« 
re&angle contained l^tvpeen AH and HC 
is to the re&angle contained between AK 
and KC, fp is the fquare of HL to the 
fquaje of Kftf. But a? the rectangle con- 

*w.;.pr. tained between AH a»d HC * is to the 

5 of tbts. ' * ' 

redtangle cootaiped between AK gnd KC, 
fp is $e fquare of FH to the iquare of GK ; 
t !?*;/• 5« therefore as the iquare of LH f is to phe 
fquare of MK, fo is the Iquare of FH to 
the fquare of GK ; confequeintly as the line 
LH is to the line &TK, fo is the fegment 
FH to the fegment GK. • ' ' ' ' *" ' 
Therefore, If a ciroh be d<e (bribe & y 

• • - yjbick 
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which has either of the axes for a dia- 
- ttfeter, and right lines be drawn paral- 
lel to the other axis, and produced un- 
til they cut the periphery of the circle \ 
the t lines intercepted between the axif, 
yjhicb is the diameter of the circle, pnd 
its periphery, hqve the fame proportir 
. pn to one another \ as the fegments, of 
. the fame lines intercepted between the 
axis and the periphery of the ellipfe s 
which was to be demonftrated. 
Cor. If LH be to MK as FH is to GK, 
and if the points f and G be in the pe- 
riphery of the ellipfe, and L in the pe- 
riphery of the circle, the other point 
M will alio be in the periphery of th§ 
circle; for if not, th9 circle will cut 
the line KM in fome other poifnt,,whicli 
let be N : Then (by the above prop.) 
LH is toNKasFFJ is to GK. But*LH * kyt*t*i 
is to MK as FH is to GK, therefore as 
LH is to NK, f fo is LH to MK; con- U** •'•*•• 
lequently NK is $ equal to MK, a part $ 9 e. i.^ 
to the, whole, which is abfurd. After 
the fame manner may it be demonftrat- 
ed, that if LH be-to MK as FH is tb 
GK, and the points h. and M in the 
. plphcry pf t$$ <$^, $4 f in. the 
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periphery of an ellipie, the other point 
is alio in the periphery of the ellipfe 

LEMMA, 

If two equal farts be cut from the ex- 
tremities of any line, and any joint 
taken between them, the redtangle 
contained between the figments of the 
given line, intercepted between its 
extremities and lafi affumed point % is 
equal to a reft angle contained between 
the figments of the line intercepted 
between its extremities and one of the 
frfl a fumed points, together with the 
reftangle contained between the fig- 
ments of the line intercepted between 
the laft and two fir ft a fumed points (a). 

LE T AB be any right line, and from 
its extremities the two equal parts AC, 
BD, are cat off, and E any point aflumed 
betwixt C andD ; I &y, the rectangle con- 
tained between AE and EB is equal to the 
rectangle contained between AD and PB, 
together with the re#an£te containedbe- 
tweqi CE and ED, 

For 

* ' 

(a) Thi« lemma is taken from the 178 prop, of d»7th 
bwtk of Paflut Altxandrimt, (tlkft. mathmtt* 
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; For * feiftd the line AB in F, *io£^,. 

Thai becaufe the line AB is equally oat 
in F, and unequally cut in E, the f red- 1 $*.*•*! 
angle contained between AE and EB, to- 
gether with the fijuare of FE, is equal to 
the fquare of FB ; for the fame reafon the!, 
re&angle contained between AD and DB, 
together With the fquare of FD, is equal 
to the fquare of FB. Again, becaufe AF 
is equal to FB, and AC to DB, therefore 
CF is equal to FD ; and confequendy th& 
$ xedangle contained between CE and ED, {* £./.*» 
together with the iquajre of FE, is equal 
to the fquare of FD ; therefore die red- 
angle contained between AD and DB> to- 
gether with the re&angle contained be- 
tween CE and ED, together with the 
fquate of FE, is equal to the fqoate of FB» 
that is, to tbeitt&aiigle contained between 
AE and £B> together with the fquare of 
F£^ take the fqfesre of FE which is com- 1 
man from bodfc, *tid there wfll remain the 
rcsStangle ootttamed between AE tmd EB f ,_ 

"giaients of the line intercepted be- 
its extremities and lad affirmed point, 
to the re&angle contained between 

D and DB, the fegments of the hue in- : 
cepted between its extremities and one ' 

of 
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of the firfl; aflomed points, together with 
the re€fengle contained between CE and 
( ED, the fegments of the line intercepted: 

between the laft point, and the two firft 
aflumed points ; which mat to be demon* 
ftrated* 

* * * * 

PROPOSI'flOtf VIL 

* * * 

Theorem VII. 

< 

In an ellipfe the tranfuerfe axis is the 
great eft diameter \ and the fmaller a- 
xis the leaft, and among the other it* 
ameters thofe that ate nearer the 

- tranfuerfe axis are greater than thofe 
more remote. 



L 



E T ABCD be any ellipfe, whole tranf- 
verfe axis is AC, and fmaller axis BD, 
E the center, and FG and HK any other 
diameters; I fay, AC the tranfverfe axis 
is the greateft diameter in the ellipfe, BD 
the finalier axis is the lcaft, and FG near- 
er the tranfverfe axis is greater than HK 
more remote. 

For from the point F draw the line FL 
*izB.l i. * perpendicular to AC, and FO perpendi- 
cular to BD. 

Thes 
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Then becdufe the line FL is dra\Vn per- 
pendicular to the tranfverfe axis, the rect- 
angle contained between AL and LC is 
* greater than the fquare of FL ; add to *4 ofihisi 
both th6 fquare of EL, which is common, . 
then will the redtangle contained between' 
AL arid LC, together with the fquare of 
EL, be greater than the two fquares de- 
fcribed upon EL and LF. But the red- 
angle contained between AL and LG, to- 
gether with the fquare of EL, f is equal t s** J.*t 
to the fquare of EC, and the ttfo fquares 
defcribed upon EL and LF are £ equal to itfs.t. i}' 
the fquare of EF ; therefore the fquare of 
EC is greater than the fquare of EF, and 
confe^nently the line EC greater than EF, 
and its double^ viz: the tranfverfe axis 
AC greater than the double of EF, viz': 
the diameter FG. After the fame mahiier 
is: the tranfverfe axis proven greater than p 
any other diameter; therefore the tranf- 
verfe axis is the great eft diafrieter drawn? 
ivithin an ellipfe: 

Again, becaule the line FO is drawn 1 
perjpendicular to the axis BD, the fquare 
of BDis * 'to the fquare of AC as the red- *Y'/'*'tf' 
angle coiitairied. between DO and OB is* 
ttrthe fquare of OF ; but the fquare of BD" 

O' i$ ; 
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is fmaller than the fquare of AC, therefore 
the reftangle contained between 1)0 and 

•***.J.f.'OB is * finaller than the fqUare of OF; 
add the common fquare of OE to both, 
, then is the re&angte contained between 
DO and OB, together with the fijuare of 
OE, fmaller thari the two fquares dcfcrib* 
ed upon OE aftd OF, But the re&angle 
contained between DO and OB, together 

f f Si J.* With the fquate of OE, is f equal to the 
fquare of EB, and the two fquar es defcfib- 

%we.Li. ed upon OE and OF arc % equal to the 
fquare of EF ; confequently the line EB is 
finaller than EF ; Wherefore the (mailer *• 
Xis BD is finaller than the diameter GF ; 
and aftef the fame manner may it be de- 
Itoonftrated, that the fmalkr axis if left 
than any other diameter in the ellipfe. 

I lay likewiie, the diameter FG neartf 
the tranfverfe axis is greater than KH mort 
remote: 

f 1 1 jr. /. r. For from H draw HM * pefpendicidar tot 
. AC the tranfrerfe axis, which produce until 
it cut the periphery in Q, and from the 
vertex A cut a part ofFit,as AN,equal to CL; 
. Then becaufe from the poiftts H and F 
in the ellipfe the perpendiculars HM and* 
and FL are drawn to the axis AC, as the 

re<3> 
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are&angle contained between AM and MC . 

is to the fquare of HM, * fo is the reft- *#£•*.&; 

£ngle contained between AL and LC to 

Che fquare of FJL, or PM which is f equal i^^.i. c 

to it. But the ^e&angle contained between 

, AM and MC £ exceeds the re#angle eon- if*- Uf *> 
tained between AL and LC, by the re&- 
angle contained between NM and ML ; 
and beeaufe HQ^ is * bife&ed in M, the *w- ^fr: 
fquare of HM exceeds the fquare of MP, $ * ikhm ' 
f by the re&angle contained between HP t *£- '•*• 
and PQj therefore the refidue, viz, the 
reftanglp contained between NM and ML, 

• £ is to the refidue, viz. the redtangle con- t*9*>i-si 
tained between HP aridlPQ^ as the whole 
re&angle contained between AM and MC 
is to the whole, viz. the fqxjare of HM. 
But the re&angle contained between AM 
and MC is * greater than the fquare of f 4«f'K' 
HM, therefore the re6jfcangle contained be- 
tween NM aiid'ML is f greater than xhcU+Ej,!: 
re&angle contained between HP andPQj 
add to both the fquare of EM, then the 
re&angle contained between NMandML, 
together wit}* the iquare of EM, that is, 
the $ fquare of EL, is greater than the redt- i s H *5 
angie contained between HP andPQ, to* 
pether wfth the fquare of EM. Again* add 

% tQ 
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to both the equal fquares of PM and FL, 
then will the redangle contained between 
HP and PQ^ together with the fquare of 
PM, that is, the fquare of HM, together 
jvith the fquare of ME, be imaller than 
the two fquares defcribed qpon FL and EL. 
But the two fquares defcribed upon HM 
Uje.i. i. and ME are ? equal to the fquare of EH, 
and the two fquares of EL and LF are e r 
qual to the fquare of EF ; therefore the 
fquare of EF is greater than the fquare of 
EH, and the line EF greater than the line 
EH; and confequenriy the diameter FG 
nearer the tranfyerfe axis is greater than 
the diameter AK more remote. 

Therefore, In an ellipfe the tranf- 
yerfe axis is the, greatefl diameter \ and 
the finaller axis the leafi ; and among 
the other diameters thofe that are near* 
er the tranfuerfe axis are greater than 
thofe % more remote i which was to be de- 
monftrated. 



PROPOSITION VIII. 

v - - ' • • 

Theorem VIII. 

J f from any point in the periphery of an 
e/lipfe, which is not the vertex of 

1 v " either 
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either axis, a right line be drawn 
parallel to one axis, and produced un- 

- til it cut the periphery of a circle de- 
scribed, having the other axis for a 
diameter, and if from that point a 
tangent be drawn to the circle, that 
tangent produced will cut the line 
which is both the diameter of the 
circle and the other axis of the el- 
lipfe ; and if from that point of in- 
ter feff ion a line be drawn to the gi- 

- fuen point in the periphery, of the el- 
lipfr, that line is a tangent to the 
ellipfe: Or if a line be drawn a tan- 
gent to the ellipfe, and from the point 
of interferon of the tangent and 
common diameter of the circle and el- 
lipfe, a line be drawn to the point in 

the periphery of the circle, where a • I 
line drawn from the point of the eU 
lipfe parallel to the other axis cuts 
it, that line is a tangent to the circle ; 
alfo a line drawn from the vertex of 
one axis parallel to the other is a tan- 
gent to the ellipfe. 



L 



E T ABCD be an ellipfe, AC and BD 
. it§ t\yo axes, and E its center, and 

lee 
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let the circle AFC be defcribed upon AC, 
and from the point H in the periphery of 
the elhpfe,.. which is not the vertex of ci- 
ther axis, let the right line UK be draws 
parallel to the axis BD, ancj, cutting th? 
periphery of the circle in F, and from F 
draw FG a tangent to the circle, FG pror 
duced will meet the axis AC : For join 
FE, then becaufe FG is a tangent, the angle 
frt&ts. GFE ^ a * right angl e? and BEC is a right * 

angle, consequently the two angles GFE 
and FEC are lefs than two right angles; 
therefore die lines FG and EC produced 
will meet ; let them meet in the point L, 
and join L|f j I lay, LjH is a tangent to 
the ellipfe; . 

For if it be. not, let it, if poifible, meet 
the periphery of the ellipfe in any other 

!»»£.£. i. point, as Mi and from M draw MN f par 
rallel to the axis. BD, which produced cuts 
the line FL in O. 

Then becaufc MN is parallel to HK, 

to&Li. the triangles MNL and HKL are \ equi- 
angular ; and for the fame reafbn the tri- 
angles FKL and GNL arc equiangular; 

♦4*. *-*. therefore as LN is to LK, * fo is NM to 
KR Again, as LN is to LK, fo is NQ 
B> KF; confequently as NM is to KH ? 

•ft 
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* fo is N6 to KF. But H and M arc *" A*W 

points in the periphery of the ellipfe, and 

F ii a point in the periphery of the circle, 

therefore the other point O is likewifef in t«w\f*-f 

the periphery of the*dfep&; Wherefore 0/ik * + .• ,■•. 

*he lfae FL, which is a tangent to the tivclt 

circle, touches it in more than one point, 

which is abfurd; confequehtly the line 

HL is a tangent to th6 ellipfe, W.W.D. 

After the lame manner may it be de* 
monftrated, that if HL is a tangent to the 
dlipfe, FL is alio a tarigefit to the circle ; 
alio if through By the vertex of the axis 
BD, a right line Be drawn parallel to the 
other axis AC, that lifle is a tarigent ta 
the ellipfe. 

For if hot, let k meet the ellipfe in an- 
6ther point, as P, and through P draw 
PQ^ parallel to BD, interfering AC ififsuULii 
Q, and the circle in S, and let EB pro- 
duced cut the circle in R, and joiii RS. 

Then becaufe PB is parallel to QE, and 
6E to PQ, PE is a parallelogram, and 
PQ> * equal to BE ; but as BE is toPQ, *34*i.i: 
| fo is ER to B ; therefore RE is equal t «V***i- 
to SQ, and parallel to it, confequently ^pf 

RS is parallel and equal to QE, and the 
angle SRE is a right angle, and from R 

the 
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the extremity of the diameter of a circle; 

is drawn a right line at right angles to the 
i.T's. 1 diameter falling within the circle, * which 
, is abftird; therefore the line BP does not 

touch the periphery of the ellipfe in any 

other point than B, and confequently is a 

tangent to it. 

Therefore, If from any point in the 

periphery of an ellipfe* &c. which was 

to be demonftrated. 

Cor. i. From hence it follows, that from 
one point no more than one line can 
be drawn a: tangent to the elliple ; for 
if two lines could be tangents to the el- 
liple in the lame point, then two right 
lines would alfo be tangents to a circle/ 
fit£.i.3. . and touching in the fame point, f which 

is f abfurd. 

Cor. %. Any right line cutting an ellipfe, 

. cuts it in no more than two points ; for 
if it cut it in more points, then would 
a line cut the circle alio in more points 
than two, which is abfurd. 

Cor. 3 . The angle comprehended between' 
any diameter, except the axis, and a ; 
tangent drawn through its vertex to- 
wards that fide, which produced cur 

die axis, is greater than .a right angle. 

- Let' 
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HE be a diameter, HL a tangent, and 
AC the greatdF axis; (the* reft of the 
conftradtion remaining the fame as in r 
the above prop.) then will the angld 
EHL be * greater thanr the angle EFL, *n£./ . *j 
- which is' a right angle. 
Cor. 4. From hence it is evident how td 
draw a tangent to ah ellipfe, from a gi- 
ven point in it if the greater axis be gi- 
ven. 

PROPOSlTrON f& 

.... > 

Theorem IX« 

Right lines drawn tangents id an e'U 
liffe y from the vertexes of any did- 
fneter\ are fdrdllel tooibJ another. 

• * » 

LE T ABGD be' aify 7 ettipfe, 'AC fts great- 
er, and BD its fixialler axis, and HTf 
any diameter, and from its v«rtexes H 
and T Id HL arid TX be drawn tangents 
to the ellipfe; I fay, HL is parallel t» 
J. j\» 

For fit die fctagerits pr oducecl meet the 
akis AC in- the points L and X, and de- 
fclibe a circle' which has AC for ar diame- 
ter, and from H and T draw th& lines 



I 
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-.* 3i £./.i. HK andTY * parallel to the axis BD, 
and cutting the periphery of the circle in 
F and V, and join the lines FL, VX, FE 
and YE. 

Then becaufe HL and TX are tangents 

t % of this, to the ellipfe, FL and VX will be | tan- 
gents to the circle; and the triangles EHK 
and ETY having the angles HKE and 

* 15 *./.i. T YE right angles, and YET % equal to 

♦ irftkii. HEK> ^j the f lde ET * cqua l to the fide 

1 4*. fci EH, therefore HK is f equal to YT. But 

t e of Ms. as KH is to TY, J fo is KF to YV; 
wherefore the triangles FEK and YE V are 
equal in all refpedts, and the angle FEK 
equal to the angle YE V ; add to both the 
common angle VEK, then will the two 
angles VEK and VE Y be equal to the two 
angles VEK and KEF. But the two angles 

Zt$s.Lt. VEK and VEY aire * equal to two right 
angles; wherefore the two angles VEK 
and KEF are equal to two right angles, 
and confequently the two lines FE and 

i i+E.l.i. EV f make up. one right line. Again, be- 
caufe KF is equal to VY, and the angles 
FKL and XYV both right angles, alfo the 
angles KFLaiid YYX equal to each other, 
being the complements of the two equal 
angles EFK and EVY to a right angle; 

where- 
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wherefore the fide KL is * equal to the *^E.i:u 
(ide YX, and KH is equal to YT, and 
the contained angles right ; therefore the 
angle HLK is f equal to the angle YXT ; 1 4*. i- 1: 
#id consequently the tangent HL is $ pa- t%6B.i.u 
rallel to the tangent TX. 

Therefore, Right lines drawn tan- 
gents to an ellipfe y from the vertex res 
of tiny diameter \ are parallel to one an- 
other i which was to be demonstrated. 

PROPOSITION X. 
Theorem X. 

If from any point in the periphery of 
an ellipfe two right lines be drawn 
to the foci, and from the fame point 
a line be drawn bifetting the out- 
ward angle contained between one of 
thefe lines and the other produce d y 
that line is a tangent to the ellipfe ; 
and if from any point in the periphe- 

. ry of an ellipfe a tangent be drawn , 
it will bifett the outward angle con- 
tained between one of the lines drawn 
from the point of contatt to the foci 
and the other produced. 

P % LET 
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E T ABC be any ellipfe, AC the great- 
er axis, H the center, and D and E 
the foci, and fron> any point, as B, in the 
periphery, die right lines BD and BE be 
cfrawn to the foci, one of which, as DB, 
is produced to G, and from B the right 
line BF is drawn, bifeding the angle EBG ; 
I fay, the line BF is a tangent to the ek 
lipfe. * 

Qafe i. When the line BF is parallel to 
the greater axis. 

Make BG equal to J3E, apfl jofp GE 
which cuts BF in F. 

Then b?caufe BG is equal to BE, and 
BF is common, and the contained angl^ 
♦ faptb. GBF is * equal tp thexontained angle EBF, 
t *e> *• h therefore the bafe GF i$ t equal to the bafe 
PE. Again, becaufe BF is 'parallel to DE, 
**£. I e. as GF is to FE, £ fo is GB to'feD j there- 
fore GB is equal to BD ; but BG is equal 
to BE, therefore BD is equal to BE, and 
BH is common, and DH is equal to HE ; 
confequently the triangles DBH andBHE 
have the three fides of the one equal to" 
the fides of the otjier j therefore the angle 
*s*. /. i. IJtlD is * equal to the angle BHE, and 
confequently both are right angles j where- 
in 6 ' /fore B ** is *« t finder axis J and fince 
■•■" PF 
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* 

BF is drawn from the vertex of the axis 

BH parallel to the other axis, * the line * 9'/'*^ 

BF is a tangent to the ellipfe ; W. W. D. 

Cafe x. Whcix the line BF is not paral- 
lel to the axis AC, 

Produce DB, and make BG equal to BE, 
£nd join GE cutting the line BF in F, and 
take any point in the line BF, as K, and 
join the lines KD, KE andKG. 

Then becaufib BG is equal to BE, and 
BF is common, and the contained angle 
GBF equal to the contained angle FBE, 
therefore the bafe GF is f equal to the t **•*•$ 
bafe FE, and the angles GFB and BFE are 
equal to one another, and eonfequently 
right angles. * Againi becaufe GF is equal 
to FE, and FK is common, and the con- 
tained angles GFK, KFE, are each right 
angles, therefore the tale KE is equal to 
the bafe KG. But DK and KG taken to- 
gether are :£ greater thanDG, that is, great- 1%qEJ. i; 
tt than DB and BE ; but DB and BE are 

equal to the greater axis AC, therefore * ffthiq 
DK and KG, that is, DK and KE taken 

» " * * * 

together, are greater than the greater axis " 
AC ; eonfequently the point K is f with- +<«•. j.|rj 
out the ellipfe. ' After the fame manner ufth ® 
aay it be demonftrated, that any other 

point 



i 
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point taken in the line BF will be without 
*&/. v%$f the ellipfe, therefore the line BF * is a tan- 
***** gent to the ellipfe. 

Laftly, If BF be a tangent to the ellipfe, 
and from B the point of contadt two right 
lines, as BD, BE, be drawn to the foci, one 
of which being produced to G ; I fay, the 
angle GBF is equal to the angle FBE ; for 
if they arc not equal to one another, then 
from B another line may be drawn bife<2> 
ing the angle GBE, which (by the pre- 
ceding demonftration) is a tangent to the 
i*#*fc ellipfe. But BF is a f tangent to the ellipfe, 
and confequently from the fame point B 
are drawn more than one line a tangent to 

*2r'2 : ' r# *^ c ^pfc* $ which is abfard; wherefore 
the angle GBF is equal to the angle FBE. 
Therefore, If from any point in the 
periphery of an ellipfe two right lines 
be drawn to the foci, and from the fame 
point a line be drawn bifeBing the out- 
ward angle contained between one of 
thefe lines and the other produced, that 
line is a tangent to the ellipfe ; and if 
from any point in the periphery of an 
ellipfe a tangent be drawn, it will bL 
fetl the outward angle contained be- 
tween one of thefe lines drawn from the 

point 
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point of contatt to the foci and the other 
produced; which was to be demonftated. 
Cor. From hence it follows, that the angles 
contained between the tangent and the 
right lines drawn from the point of con- 
tact to the foci are equal to one ano- 
ther; that is, the angle DBK is equal 
to the angle EBF, for if not, then will 
the two angles EBF, FBG, be alfo un- 
equal, which is (by this) demonftrated 
to be abfixrd. 
AUb from this proposition it is evident 
how to draw a tangent to an eliipfe from 
a given point in its periphery, the foci 
being given. 

PROPOSITION XL 
Problem I. 

The foci and greater axis of any eliipfe 
being given, to draw a right line a 
tangent to the eliipfe * and parallel 
to another right line given. # 

LE T AC be the greater axis, D and E 
the foci of any eliipfe, and MN a 
right line given ; it is required to draw a 
[tangent to tfje given eliipfe parallel to the 
pven line MN, From 
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From' either of tbe.fbci, as E, draw EL 

tj%£< 1. 1. ♦ perpendicular to MN, arid about the o- 

ther focus D as a center, with a diftance- 

equal to AC, defcribe a circte which cuts 

the line EL in two points ; fet one of thefe 

points be G; join DG, and with the line 

$*$ L.L u QE, and at the point E, t siake the angle 

GEB equal to the angle EGB, and through 

B the point of ifiterfe&iori of thefe tvto 

&ie.l i. lines draw BF J paraild to MN.. 

Then becaufe the angles BGE arid BEG 
are equal to one another, thfc line BG i£ 

f 6*. /. i. * equal to BE, wherefore the two lines DB 
an* BE taken together are equal to DG, 
that is, to the greater axis 'AC; cbnfe- 

l&hfc quently the point B is $ in the periphery 
of the ellipfe. Again,- let BF cut the line 
GE in ttie point F ; then becaufe GE is at 
right angles to MN, and BF parallel to it, 
therefore the angles BFG, BFE, aVe right'' 
angles ; and -the angles BEF, BGF, are e- 
quar to one -another, confequently the re- 
maining angles EBF arid FBG are alfo e- 

liotfttos. qual to one another ; therefore BF is a \ J 
tangent to the ellipfe, and parallel to the 
given line MN ; which was to be done. 
After the fame manner may another line' 

*~ fee drawn a tangent to the ellipfe, and par, 

ialk£ 
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rallel to the given line, by means of that < 

other p6int where the circle defcribcd a* 
bout the center D cuts the line EL. 

PROPOSITION Xll 

Theorem XL 

• ■ * 

Any right line terminated btith iff ays by 
the periphery of an ellip/e, and pa- 
rallel to a tattgent^ is hi fe died by a 
diameter drawn through the point of 
contatt ; and if it be bi felled by any 
diameter ; it will be parallel to a tan- 
gent draisjn from the vertex of that 
diameters Alfo two diameter s\ one 
of which is parallel to a tangent 

. drawn from the vtrtex of the others 
are conjugate diameters. 

FIRST, if the diameter that is drawn 
•* • . * 

through the point of contadt be ei- 
ther of the axes, the tangent drawn through 
its vertex will be * parallel to the other * toftkfy 
axis, and confequently the right line itfelf 
will be parallel to that other axis,' andi* 
therefore j bifedfced by the axis paffingt^ 1 /^ 
through the point of contadt ; but if the 5 ' lu 

Ql dta* 
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diameter that pafles through the point of 
contaft is any other diameter, 

Let ABC be any ellipfe, AC its greater 
axis, D its center, EF a right line termi- 
nated both ways' by the ellipfe, and paral- 
lel to the tangent BH, and let. the diame- 
ter BDbe drawn cutting the line EFinG; 
I fay, the line EF is bife&ed in the point 
G. 

For let the lines EF and BH produced 
cttt the diameter AC in H and K ; and a- 
bout D as a center, with the diftanceDA, 
delcribe the circle ALC; and ft om the points 
E, B and F, draw the lines EM, BN and 

ti i e. 1 1. FO, * parallel to KB the other axis, and 
which produced cut the periphery of the" 
circle in P, L and Qj join the lines LH, 
LD, PK, which laff line cuts LD in T, 
the Imc PK will pals through the point Q. 
for if not, it wi# cut the line QO in fbme 
other point than Q, as in S. 
Then becaufe PM is parallel- to SO; the* 

f^ £./.i. triangles PMK, SOK, are f equiangular;* 
and therefore as PM is to SO, fo is MK : 
to OK ; for the lame itafbn the triangles 
EMK, FOK, are fimilar, and as EM is to 
FO, fo is MK to OK, wherefore as EM 

?nir./.i.i 8 to FO, fb $isMP to OS: But as EM^ 

i$ 
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is to FO, * fo is PM to QO, and confe- * 6 •/*«#. 
ijuently SO is f equal to QO, a part to 1 9B. 1 * 
the whole, which is ablurd. After the 
fame manner may it be demonftrated, that 
PK cannot cut the line QO in any other • 
point than Q^ Again, becaufe BN is pa- 
rallel to FO, and GK to BH, the triangles 
FOK, BNH, are equiangular; therefore ♦ 

.as BN is to FO, -\f° * s NH to OK ; butt** *•«.' 
as BN is to FO, J fo isLN to QOj there- J$«ff$iii 
fore as LN is to QO, fb is NH to OK; 
andtheanglesLNH>QOK,areright vigles ; 
wherefore the triangles LNH, QOK, are 
* fimjlar, and the angles LHN, QKO, are * ** *•*•: 
equal, confequently the lipes PK ;ind JLH 
are parallel ; alfo becaufe GK is parallel to 
PH, aslB is to KH, f fo is DG to GB ; t ** «.« ' ■* 
alfb becaufe KT is proven parallel to LH, 
as DK is to KH, fo is DT to TLj there- 
fore as DG is to GB, fo is DT to TL, 
wherefore TG is J parallel to LB. Again, \%e. 1. e: 
becaufe BH is a tangent to the ellipfe, there- 
fore LH is a * tangent to the circle, con- * * •fthit. 
fequently the angle HLD is a f right angle ; t *9* ' 1 < 
but becaufe I*QJs parallel to LH, the angle 
DTQJs equal to the angle DLH ; there- 
fore the angle DTQ> a right angle, con- 
fecjueptly the line TP is % equal to the { 3 e. 1 ?| 

Q^z line 



ti'4 Elements of Conk Sections. Book II. 

line TQj and becaufe the lines PE, TG, 

I %b. i e. QF, are all parallel, as QT is to TP, * fo 

is FG to GE! But QT is equal to TP, 

therefore FG is equal to GE, confcquent. 

• ly EF is bifeded in G. 

Again if EF be bife&ed in G by the di- 
ameter BD, a tangent drawn through the 
vertex B will be parallel to the line EF ; 
for if not, fome other tangent may be drawn 
j4 1 of this, to the ellipfe f parallel to EF, and (by the 
above demonft.) will be bifeded by a dia- 
meter drawn through the point of contad; 
i ht»i>- but it is i bHeded by the diameter BD, 
therefore the line EF will be bife&ed by 
two different lines cutting it in different 
points, which is abfurd. 

Alfo if BE and GH be two diameters, 
and BF a tangent to the ellipfe drawn from 
the vertex of the diameter BE, and if GH 
the other diameter be parallel to the tan- 
gent BF ; I fay, the two diameters BE and 
GH are conjugate diameters : For let AC 
be either of the axes, and D the center of 
the ellipfe, and the points P and Q^ its fo- 
ci, and upon AC, as a diameter, defcribe 
the circle AKN, and from the points B 
T jo E.l.i. and H draw the lines BL and HM * pa- 
4 rallel to the other axis, and cutting the pe- 

riphc: 
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riphery of the circle in KandN, and from 
H draw HO a * tangent to the ellipfe, and **°r.}r. to 
let the tangents BF and HO produced cut 
the axis in the points F and O, and join 
the lines KF, ON, KD and ND. 

Then becaufe BF and HO are tangents 
to the ellipfe, cutting the axis AC in the 
points F and O, and from thefe points tha 
lines FKandON are drawn to thefe points 
of the periphery of the circle, where per- 
pendiculars to the axis drawn through the 
points of contact cut it, thefe lines FK and 
ON are f tangents to the circle; and be- f ttfthiti 
caufe the line BL is parallel to HM, and 
DH | parallel to BF, therefore the tri- % hyjxub. 
angles BLF and DHM are equiangular; 
confequently as BL is to HM, * lb is LF * 4E.1.6. 
to DM ; but as BL is to HM, f fo is KL f trftik. 
to NM; therefore as KL is to NM, fo is 
LF to DM ; and the angles KLF, DMN, 
are right angles, confequently the triangles 
DMN, KLF, are $ fimilar, and the angle $ 6B. le. 
KFL equal to the angle MDN ; therefore 
the line KF is * parallel to DN. Again, *iy e. 1. 1, 
becaufe KF is a tangent to the circle, and 
KD is drawn to the center, the angle FKD 
fe a f right angle ; and for the fame rea- \me.I 5 ; 
fon the angle OND is a right angle ; and 

fince 
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finccDN is parallel toKF, the angle KDN 
*%9E.i. i. is a * light angle, wherefore the hue DK 
1t$B.Lu is f parallel to NO, and the angle KDO 
equal to the angle DON. But the angles 
KLD, NMO, are right angles, therefore 
4 4 *. 1-6. as + KL is to MN, (o is LD to MO; bm 
T 6 of this, as KL is to MN, * fb is BL to HM; there- 
it e'u. fare the triangles IJLD and HMO are f fi- 
milar, and the angles BDL, MOH, are e* 
qual to one another, confequently the di- 
ameter BD is parallel to the tangent H0 r 
But right lines terminated by the periphe- 
ry of the ellipfe, and parallel to HO, that 
is, to the diameter, arp (by the above de- 
monftration) bife&ed by the diameter HD ; 
and for the fame reafon the diameter BD 
bifedfcs all the lines terminated both way? 
by the periphery of the ellipfe, parallel to 
the diameter HD; therefore the two dia-j 
tdif. ttf meters BE and HG are t conjugate difc 

tins* „ «*■.*'• 

meters. 

Therefore^ Any right line terminated 
froth ways by the periphery of an elliffe % 
and parallel to a tangent, is hife&ed by 
a diameter drawn through the point of 
contatt ; and if it be bife&ed by any di- 
ameter , it will be parallel to a tangent 
drawn from the vertex of that diatn^ 

ter. 
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ter. Alfa two diameters,, one of which * 
is parallel to a tangent drawn from the 
vertex of the other, are conjugate dia- 
meters ; which was to be demoriftrated. 
Cor. i. All the ordinates to the lame dia- 
meter are parallel to one another. Aflb, 
if two or more right lines be terminat- 
ed both wtays by the periphery of an 
ellipfe, the diameter which bifeds one 
of them will alio bifed all the reft, be- 
caufe the line which is bifeded is * pa- * f** & 
rallel to a tangent drawn through the fuc * *"*' 
vertex of the diameter which bifeds it 9 
confequently they will be f parallel to fsb&J. ti- 
the fame tangent ; therefore they are all 
£ bifeded by' the lame dianSeters; j part i; 

Cor. x. the Iiri<r which bifeds^ 
lei right lines, termMiated both Ways by 
the periphery of the ellipfe, is a dia- 
frieter ; for if riot, any diameter which 
Bifeds oiie of them will (by the preced. 
cor.) bifed the other, arid thole two 
lines will be bifeded by two different 
lines, which is abfafd; 
Cor. 3. A right line dfawri from the ver- 
tex of any diameter, parallel to an or- 
dinate to the lame diameter, is a tan-- 
gent to the ellipfe. 

Cor: 
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Cor. 4. T\vo right lines cutting one ano- 
ther, and terminated both ways by the 
periphery of an elfipfe, and not drawn 
through the center, will not mutually 
bifed: each other ; for if they do bifed 
* fart %. each other, then are they both * paral- 
lel to a tangent drawn from the vertex 
of that diameter, which is drawn through 
the point of interfe&iori of thefe right 
lines ; and confequently both thefe lines 
are parallel to one another, which is 
abfurd. 

Cor. 5-. Conjugate diameters are each pa- 
rallel to a tangent drawn through the 
vertex of the other diameter. AUb one 
diameter can have no more than one di- 
ameter for its conjugate ; for if it had 
another, then would they both be pa- 
rallel to a tangent drawn through the 
vertex of the firft given diameter, and 
confequently parallel to one another,* 
which is abfiird. 

Cor. 6. A right line drawn from the ver- 
tex of any diameter, parallel to its con- 
jugate diameter, is a tangent to the el* 

hpfe- 
Cor. 7. A right line parallel to any dia- 
meter, and terminated both ways by 

thcr 
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the -periphery of the ellipfe, is bife&ed 
by^fts conjugate diameter, becaufe it will 
be parallel to * tangent drawn through 
the vertex of that conjugate, and there- 
fore will Be" * bifedfed by the lame dia- * t*** '•., 
* meter; arid if it be bife&ed by any dia- 
meter, it will be parallel to its conju- 
gate diameteft 
Cor. 8. If a tangent be drawn to a circle/ 
which has either of the axes of an el- 
lipfe for a diameter, and from the point 
of contadfc a line be drawn perpendicu- 
lar to the axis* and through the extre- 
mities* of any ordinate to that diameter, 
which is drawn through the interfe&iotf 
of the periphery of the ellipfe, and the 
line drawn perpendidilar to the axis, 
two riglit lines be drawn perpendkrul^ 
to ^the lame axis^ and cutting the peri-* 
phery of the circle, and if thefe points of 
interfe&ion be joined with a right line/ 
fliat line is parallelto the tangent x>f the 
Circle. 
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PROPOSITION XIIL 
Theorem XII. 

If from any point in the periphery of an 
ellipfe a right line be drawn cutting 

, any diameter, and parallel to its con* 
jugate \ the fquare of the diameter to 
which it is drawn will be to the fquare. 
of the diameter to which it is pataU 
lei, as the rettan<rle contained between 
the fegments of the fir ft diameter, in- 
tercepted between its vert exes and 
the line that cuts H+ is to the fquare 
of the line drawn cutting it ; and if* 
the fquare of the diameter to which 
the line is drawn, be to the fquare of 
the diameter to which it is parallel, 
as the reit angle contained between 
the fegments of the firft mentioned 
diameter v intercepted between the 
line drawn and its vert exes, is to 
the fquare of the line drawn cutting; 
it, the point from which the line is 
drawn is a point in the periphery of 
the ellipfe. 

LE T ABCD' be any ellipfe, AC andBD 
two conjugate diameters, and EF a 

light 
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right line drawn parallel to the diameter 
DB, and cutting AC in F ; I lay, thefquare 
of AC, the diameter to which it is drawn, 
is 'to the fquare of the diameter BD, to 
which it is parallel as the re#angle con- 
tained between AF and FC, the fegments 
of the diameter intercepted between the 
line drawn and its vertexes, is to thefquare 
of EF the line drawn cutting it. . 

For let GH be either of the axes, and 
I the center, and about the center T, with 
the diftance IG or IH, defcribe a circle, 
and let EF produced cut the periphery of 
the ellipfe in K, and from the points A, 
E, B and K; draw the lines AL, EM, BN 
and KO, * perpendicular to the axis GH, *i*£.t r; 
and cutting the periphery of the circle in 
the points P, Q, Rand S ; and from the 
points P and R draw the lines PT and 
RV f tangents to the circle, and cutting j 1* e.L 3. 
the axis GH produced in the points T and 
V; join the lines TA, VB, which will be 
\ tangents to the ellipfe ; produce EF which J s of this. 
is parallel to AT, until it cut the axis in 
X ; then will the points X, Q^and S be 
in a * right line that will be f parallel to *n •/>*&. 
PT; join the lines PI, IR and YF, which \Tofthisl 
kft produce until it cut the axis GH in Z, 

R % and 



; 



I 
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and through the point' E draw the tin? 
*$iE r i. i. EW * parallel to GtJ, and cutting YZ in 

ThcpL becaufe AT is parallel to FX, a$ 

i?*.,(.« JX is to XT f fo is IF to FA; and fir 
the lame xpafon as IX is to XT fo is IY 
; to YP j confequently the li^e YF will be 
parallel to PL ; and becaufe IR (by the 
preceding prop.) wa$ proved parallel tQ 
J?T, tlie angle PIR is a fight angle ; but 
f:he two angles LIP, IPL, are equal to a 
right angle between them ; confequently 
the angles JLIP, JPL, $xc equal to the angls 
PIR j take ftotn both (he common angle 
PIL, and there will remain the angle IPL 
equal to the angle NIR; and the angles 
{LP, INR, are right angles, apd the fide 
JP equal 4:0 the fide IR ? therefore IN is 

\xsE.i. 1. 1 equal to PL. Again, becaufe the angle 
IPT i$ a right angle, and PL is drawn per- 
pendicular to IT; therefore the triangle 

t %e. 1 6. ipl is * fiinikr to the triangle LPT } and 
becaufe the line YZ is parallel to PL, and 
yx to PT, the triangles LPT, XYZ, are 
equiangular j therefore the triangle IPL is 
equiangular to the triangle XYZ ; where-? 

f $*. l*. fore as IP is to PL, f fo is XY to XZ. 
gut becaufe QM is parallel to yZ, as XY 
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is to XZ, * fo is QY to MZ; therefore ?.***■* 
*s IP is to PL, fo is QY to MZ. But 
JLP is equal to IN, , and MZ is equal to 
E W ; wherefore as IP is to IN, fo is QY 
co EW ; and (by alternation) as IP is to 
QY, fo is IN to E W. But becaufe IN is 
parallel to EW, and IB to EF, as IN is to 
EW, f fo is IB to EF ; therefore asIP is t4 e. U: 
to QY, :}> fo is IB to EF ; confequently as Ju£./.f f 
jrhe fquare of IP is to the fquare of QY*, 
*fb is the fquare of IB to the Iquare of EF. *™E f l : 6i 
Put becaufe the four lines IP, IY, I A, IF, 
are proportionals, it will be as the fquare 
pf IP is to the Iquare of IY, fo is the 
fquare of I A to the Iquare of IF ; and as 
the Iquare of IP is to the excels by which 
the Iquare of IP exceeds the fquare pf IY, 
that is, the fquare of YQ, fo is the fquare 
of IA to the excefs by which the fquare 
of I A exceeds the fquare of IF, that is, f fs£. j.*j 
the redangle contained between CF and 
FA. But before it was as the fquare of IP 
is to the fquare of QY, fo is the fquare of 
IB to the fquare of EF ; therefore as the 
fquare of I A is to the re&angle contained 
between CF and FA, fo is the fquare of 
IB to the fquare of EF ; and by quadru- 
pling the antecedents, it will' be as the 

fqw$ 



I 
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T iqttare of AC is to the re&angle contained 
between CF and FA, lb is the fquare of 
DB to the fquare of EF ; and by alterna- 
tion, as the fquare of AC, the diameter 
to which the line is drawn, is to the fquare 
of BDthe diameter to which it is parallel, 
lb is the re&angle contained between CF 
dndFA the iegments of the diameter, in- 
tercepted between the point where die line 
cots it and its vertexes, to the fquare of 
EF the line drawn cutting it ; W. W. D. 
Again, if from any point E, EF be drawn 
parallel to the diameter BD, and cutting 
its conjugate diameter AC in F, and if die 
fquare of AC be to the fquare of BD as 
the re&angle contained between AF and 
FCis to the fquare of EF ; I fay, the point 
£ is a point . in the periphery of the el- 
lipfe ; for if the periphery of the elhpfe does 
Hot cut the line EF in the point E, it will 
cut it in fome other point, which, if pof- 
fible, let be in e ; then becaufe e is a point 
in the periphery of the ellipfe, eFis drawn 
parallel to the diameter BD, and cutting its 
conjugate diameter AC, (by the above de- 
tnonftration) it will be as the fquare of AC 
is to the fquare of BD, fb is the redangle 

contained between CF and FA to thefquatf 

of 
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of Fe. But as the fqtiare of AC is to the 
fquare of BD, * fo is the re#angle con- f hfi*H 
timed between . AF and FC to the fquare 
of EF $ therefore as the re#augle contain- 
ed between AF a$d FC is to the fquare of 
EF, f fo is there&angfc contained between t« "*•*•*! 
AF and FC to the fquare, of cF; confe- 
quently the fquare of EF is $ equal to die $ 9*- * tf 
fquare of eF, and the line EF equal to the 
line eF, a pgrt to the. whole, whkh is ab- 
furdi After the fame manner may it bede- 
monftrated, that the. periphery of the el- 
lipse cannot cut the line EF in any other 
Point than E. < 

Therefore, If from any point in the 
feripbery of an ellipfe,. &c, which was 
to be dpmonftrajced/ 

Or, i # From hence it follows/ that be- 
cause the otdinate$ of any diameter arc 
* parallel to its conjugate diameter* EF *«*J 
may therefore be confidered as a femi- 
ordinate to the diameter AC; and con- 
fequently the fquare of every iemi- ordi- 
nate, to the fame diameter are to one an- 
other, as the re&angles contained be- 
tween the foments of the diameter, in- 
tercepted between the vertexes, and the 
<refpe<2ive prdinwes. • - * 

Cor. 
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Cor. %\ If from any two points, E and *, 

one of which, as E, is in the periphery 

i ©f the ellipfe, the two lines EF and ab 

- be drawn parallel W the of dinfctes of the 
diameter AC, and cutting it irf F arid b; 

.: and if the fquare of EF be to the fquare 

of ab as the t entangle Contained between 

.^ :. ./ AF and FG is to tifc fedfcangle contain* 
td between Ab and bC/ the odie* poinf 

- .a. will be a point in the periphery of 
. the ellipfe ; for if the periphery of the 
■> ellipfe does not cut die line ab in a, lee 
.k cut it in any other point, as kxd, 

then will db and EF be two fisi&ofdh 

» 

nates ; therefore as the ftjuaf e of EF is 
ifm. ar. to the fquare of db; * fo is c the re&abgle 

contained between AF and FG to the 

re&arigle oontaihed between Ab and bC ; 

wherefore as the redtangle contained be- 

. \ ~ tween Aband bC is to the fquare dfaB,' 

}ii e. i j, f fo is thfe rectangle contained between 

Ab and \>G to the fquare of bd ; and 

*»*.*.*. confequiinrly the fquare of t?a is $ 6qual 

-to the fquare of bdy and the line ba d- 

qiial to the line bd; a patt to the whote, 

-which is ablurd; therefore the- point a 

ris in? the periphery of tktt dfipfe. 

Cor. 3. Any diameter i& to its latus re#um 

. . ' .•• ' * > • - ' as 
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- as a re&angle contained between the 

- fegments of that diameter, intercepted 
between its vertexes and an ordinate, 
is to the fquare of that ordinate: For let 
gh be the latus re<Stum of the diameter 

< AC ; then becaufe AC is to its conju- 
gate BD, * as BD is to gh; therefore * */'«*/ 
AC is to gh f as the Iquare of AC is to j con 20 

" the fquare BD. But as the fquare of AC E ' l6m 
is to the iquare of BD, \ fo is the "reft- 1» 3 «/>*«,• 
ahgie contained between AF and FC to 
the iquare of FE ; therefore as the dia- 
afiaeter AC is to its latus re&um gh, 
* fo is the redtarigle contained between *i 1 e. 1. j\ 
AF and FC to the fquare of FE. 

PROPOSITION XIV- 
Theorem XIII. 

■ \ 

If a circle be defiribed having for its 
diameter any diameter of an ellipfe, 
and' two or more femi-ordinates be 
drawn to that diameter \ and if from 
the points of inter fettion of the Jem i- 
ordinates and diameter perpendicu- 
lars be drawn to that diameter ■, and 
cutting the periphery of the circle \ 
the ferpi-ordlnates will have the farpe 

S pro- 
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proportion to one another as the feg+ 
ments of the perpendiculars interce- 
pted between the diameter and fori* 
phery of the circle 5 and if the femu 
ordinates have the fame proportion 
to one another as perpendiculars. to 
the diameter, drawn from fhe point 
of interferon of the Jemi^ordinates 
and diameter ; and if the extremity 
of one of thofe lines be in the peri- 
phery of a circle defcribed upon that 
diameter \ the extremity of the other 
line will alfo be in the periphery of 
the circle s or if the perpendiculars 
from the periphery of the circle, to 
the diameter have the fame proporti- 
on to one another* as two lines drqwn 
from the point of interferon of the 
diameter and perpendiculars parallel 
to the ordinates of that diameter* 
and if the extremity of one of theft 
lines be in the periphery of the el- 
fy ft* the other line willJikewiftbe 
in the periphery af the ellip ft. 

T E T ABC be any ellipfe, AC any dia- 
-L' meter, and D its center, and kt the 
circle AEC be defcribed having AC for a 

dia- 
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diameter* and from any two points in the 
periphery of the ellipfe, a& B and F, let 
the femi-ordinates BG, FH> to the diame- 
ter AC, be drawn, cutting it in Gand H, 
and from the points G and H let the lines 
GE and HK be drawn perpendicular to the 
diameter AC, cutting the periphery of the 
circle in £ and K : I lay, the femi-ordi- 
nateBG is to the femi-ordinase FH, as the 
perpendicular EG is to the perpendicular 
KH $ for produce EG, and let it cut the 
periphery of the circle in L ; then beeaufe 
DG is drawn through the center, cutting 
EL at right angles, EL is * bife&ed in G, * 3 £. t. a 
and the re&angle contained between AG 
and GC is f equal to the rcdangle con- f^sirj $; 
tained between EG and GL, that is, the 
(quare of GE ; for the fames reafcn the red;- v 
angle contained between AH and HC is ' 

«qual to th0 fquare of HK ; wherefore as 
the re$angle contained between AG and 
GC is to the re&angle contained between 
AH and HC, fo is the Iquare of GE ta 
the fquare of HK. But the (quare of BG 
is ^ to the Iquare of FH, as the re&angle t<»* *> 
contained between AG and GC is to the ** 
rcdangle contained between AH and HC ; 
th«efoi« the {quare of BG is to ths fquare 

S % of 
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PROPOSITION XV* 
Theorem XIV. 

If a circle be defer ibed having any dia- 
meter of an ellipfe for its diameter* 
and a tangent to the circle be drawn 
which cuts that diameter produced, 
and from the point of contaft a per* 
pendicular be drawn to the diameter* 
and from that point of inter feEtion 
an ordinate be drawn to the fame di- 
ameter ; and if from the point of in* 
terfeffion of the tangent and diame* 
ter a right line be drawn to that 
point of the periphery of an ellipfe 
where the ordinate cuts it % that right 
line is a tangent to the ellipfe. 

LE T ABC be any ellipfe, AC any dia* 
meter, and £ the center ; upon th« 
diameter AC let the circle ADC be de* 
fcribed, and from D let DF be drawn a. 
tangent to the circle, which meets the di- 
ameter AC produced in F, and from D let 
DG be drawn perpendicular to AC, ana 
GB a femi-ordinate to AC, meeting the. 
periphery of the ellipfe in B, and join BF ; 
I fey, the line BF is a tangent to the el- 

fcpiej 
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lipfc; for if not, let ft, if poffihle, touch 
the periphery of the cllipfe in another * 
point, as H, >and' from H draw HK a for 
mi-xxrdinatc to the diameter AC, cutting 
it in K,, and tfrom K draw KL * perpendi- *"*.'• *• 
cedar to AC, cutting the iinc EDtnL,' 

Then hecatrfe LK is parallel to IKS, the 
triangles FKL, FGD-, arc equiangular; 
tsherefore as fK is to FG, f fo is KL to 1 4^. U, 
DG; and for the feme reafan the triangles 
FffcH, FGB, are firailar, and as F& is to 
F<i, fo is KH to fiG ; xionfequently as BG 
is to HK, $&> lis BG to LK. But BG *u* •*•<• 
and HK are femi-ordinates to the diameter 
AC,, and DG and LK arc jperpcndiculars 
to the fame diameter AC, and D is a point 
in the periphery of the circle defcribed 
•upon the diameter AC; therefore L will 
likewife be a * point in the periphery, of * 14 '/*«*; 
the jaaje circle. . £iut L is a point in the 
line FD, which is 4 tangent to the circle ; 
consequently the tangent FD touches the 
periphery of the circle in motfe than one 
point, f which feabford.; And -after the f Wr .i6.JK 
fame manner may it be demonstrated, that '• 3 * 
if FB he a tangent to the eUipfe, FD is a 
tangent to the circle. 

Therefore, If a circle be fcferibed ha- 
ving 
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iting any diameter of an elUpfe for/its 
diameter V and a tangent to the circle 
he drawn which cuts that diameter fro* 
duced, and from the faint of contact a 
. .'.«• perpendicular be drawn to the diame- 
ter, arid from that point of inter fe&ion 
an ordinate be drawn to the fame diame- 
ter, and if from the poibtof interjection 
"* . of the diameter and tangent aright line 
be drawn to. that point of the periphe- 
ry of an ellipfi. where' the ordinate cuts 
it 9 that \right line is a tangent to the 

v i , ellipfi i which- was to be demonftrated. 

• - . 

i PROPOSITION XVI. 

• *' * * ' * 

T HE O R EM XV. 

If from any point in the periphery of 
an ellipfe a tangent ^e drawn meet- 
ing any diameter > and from tht point 

• of contact an ordinate be drawn t(t 
the fame diameter, the reff angle con- 
tained between the fegments of the 
diameter, intercepted between the or- 
din ate and tangent, ajtd the ordinate 

- and center, is equal to a red angle 
contained between the fegments of the 

•' diameter intercepted between the or- 

di- 
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dinate and the vert exes of the dia* 
meter. Alfo the reftangle contained 
between the fegments of the diame- 
ter \ intercepted between its vert exes 
and the tangent \ is equal to a reft* 
angle contained between the fegments 
of the diameter ; intercepted between, 
the tangent and center \ and the tan* 
gent and ordinate. 

LET ABC be any ellipfe, E its center, 
AC a diameter, and from any point 
ifi. its periphery, as B, let BF be drawn a 
tangent meeting the diameter AC produ- 
ced in F, and from B let BG be drawn an 
ordinate to the diameter AC : I fay, the 
reftangle contained between AG and GC 
is equal to the rediangle contained between 
FG and GE, For upon AC, as a diame- 
ter, defcribe the circle ADC, and from G 
draw GD * perpendicular to AC, and cut- * ue.L 1: 
ting the periphery of the circle in D, and 
join DF an$ DE ; 

Then b&caufe FB is a tangent to the el- 
lipfe, FD is a f tangent to the circle, and \i%$fthh. 
the angle FDE is a \ right angle; and be- jigj?./. 3 . 
caufe DG is at right angles to AC, the 
fquare of DG is * equal to the re&angle * 3 & 3$ 

T con- *•'•** 
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contained between AG and GC. But DG 

* tor. t e. is a * mean proportional between EG and 
t'17 e.u. GF » therefore the fquare of DG is f equal 

to the re&angle contained between EG 
and GF j confequently the te&angk con- 
tained between EG and GF, that is, the 
fcgments of the diameter intercepted be* 
tween the ordinate and center, and ordi- 
nate and tangent, are equal to the rect- 
angle contained between AG and GC, viz. 
the tegmenta of the diameter intercepted 
between the ordinate and vertexes of the 
diameter ; W. W. D. 

Alio I fay» the redangle contained be- 
tween CF and FA is equal to the rectangle 
contained between EF and FG » For (the 
conftnnSHon remaining the lame) becauie 
the triangle FDE is right angled atD, and 
DG is perpendicular to the bafe F£ ; there- 

* «#r. te. fbre DE, J that is EA, is a mean propor- 
. tional between FE and EG; and confe- 

quently the re&angle contained between 
1i;j?,U, FE and EG is * equal to the fqtiare of AE, 
Again, becaufe the line FE is any how 
t **,/,*. cut in G, the fquare of FE is f equal to 
the feftangle contained between FE and 
FG, together with the *e<9tangje contain- 
ed betw een F E and EG ; that is* the fquare. 

of 
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of FE is equal to the rfcd&ngle contained 
between FE ami FG, together with the 
Jquare of AE. But becaufe^the line AC is 
bife&ed in E, and £F is added to it, the 
fquare of FE is equal to the rectangle con- 
tained between FC and FA, together with 
the fquare of AE ; consequently the red:- 
angle contained between FE and FG, 
together with the fquare of AE, is equal 
to the re&angle contained between FC and 
FA, together with the fquare of AH ; take 
ftom both the common fquare of AE, and 
there will remain the re<ftangle contained 
between FC and FA, viz. the fegment of 
the diameter, intercepted between the ver- 
texes of the diameter and the tangent, e- 
qual to the re&angle contained between 
FE and FG, viz. the fegments of the di- 
ameter, intercepted between the tangent 
and center, and the tangent and ordinate. 
Therefore, If from any point in tb& 
periphery of an etli]>fe y Sec. which was 
to be demonftrated. 

Cor. 1. Fr£hi hence it follows, that ths 
femi-diameter is a mean proportional 
between the fegments of the dia,meter x 
intercepted between the center and taiv^ 
geg^ andtheqenter W& ordinal ; for 
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as FE is to 'Eg, that is EA, fo is EA 
to EG ; and if EF be to EA as E A is 
to EG, BF is a tangent; for if not, 
from & draw a tangent cutting the dia- 
meter in M : Then becaufe as EM is to 
EA, fo is EA to EG; confequently as 
EF is to EA, fo is EM to EA; there- 
fore EM is equal to EF, a part to the 
whole, which is abfiird. 

Cor. x. The fegments of the diameter in- 
tercepted between its vertexes and the 
tangent, are to one another as the feg- 
ments of the fame diameter intercepted 
between its vertexes and the ordinate : 
^ For fince FE is to EA as EA is to EG, 

by converfion it will be, as FE is to 
FA.fo is EA to AG ; and by doubling 
the antecedents it will be, as FC, toge- 
ther with FA, is to FA, fo is AC to 
AG ; and by divifion, as FC is to FA f 
fo is CG to GA- 

Cor. 3. If CF be to FA as CG is to GA, 

or if CF be to EF as] GF is to AF, 

in both thefe cafes the line JgF is a tan* 

gent ; For firft, becaufe CF \s to FA as 

*i7£./,f. CG is to GA, (by * Cbihpofition) as 

CF, together with FA, is to FA, fo is 
CA to GA; and by taking the half of 

the 
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the antecedents it will be as EF is to 
FA, fo is EA to GA; % and by * con- J"'-*** 
verfion, as EF is to JEA fo is EA to 
GE ; therefore the line Fft is a f tan- 1 , f «■• * */ 
gent to the ellipfc. 2. Becaufe CF 
is to EF as GF is to AF, and fiiice 
the whole is to the whole as a part 
is to a part, * the refidue CG is to*^ £/ -5* 
the refidue EA, as the whole CF is to 
the whole EF ; and by converfion, as 
CF is to EC, or EA, fo is EA to EG ; 
therefore the line BF is a f tangent to t.?* * */ 
the ellipfe, 
* 

PROPOSITION XVII. 
Theorem XVI. 

If from the vert exes of two conjugate 
* diameters of an ellipfe \ or din at es be 
drawn to any third diameter \ the fum 
of the fquare s defer ibed on the fig- 
ments of the diameter, intercepted 
between the center and each ordinate, 
are equal to the fquare defer ibed up- 
on half the third diameter : Alfo the 
fquare of the fegment of the diame- 
ter, intercepted between one of the 
ordinates and the center, will be e- 

qual 
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qual to the re El angle contained be- 
tween the fegments of the diameter 
intercepted between its vertexes and 
the other ordinate. 

LET AB # CD, be two conjugate dia- 
meters of die ellipfc ACB, whole cen- 
ter is G, and EF any third diameter, and 
from B and C, the vertexes of the two 
conjugate diameters, let BH and CK be 
drawn ordinatesto the diameter EF: I fay, 
the fquare of GF is equal to the fum of 
the two fquares defcribed upon GH and 
GK. For. about the center G, with the 
diftance QE, defcribe the circle ELM, and 
from the points H and K dr^w the lines 

£iilM.i. HM and KL * perpendicular to the dia- 
meter JEF, cuttipg the periphery of the 
circle in L and M, and from the point B 
let BN be drawn a tangent to the ellipfe, 
cutting the diameter EF produced in N, 
and Join the lines LG, MG and NM, 
Then becaufe BN is a tangent to the <el- 

iiffthis. lipfe, MN is a f tangent to the circle ; and 
becaufe CD is the conjugate diameter to 

*"/!&* AB ' BN is * P^ d t0 CD ' and ^ H is 
**-'*"' parallel to CK; therefore the triangles 

GQ& mi RHN are ^wap§«Wjf ; md as 
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CK is to HB, * fo is GK to HN, But a$ * 4*. /.* 
CK is to HB, fb is KL to HM j where- 
fore as GK is to HN« \ fo is KL to HM ; t'4«/>*«i 
and the angles LKG, MHN, are right* 
angles ; confeque&tly the triangle* LKG, 
MHN, ate % ilmilar, and the angle HNM *«& '• «J 
equal to the angle KGL j therefore the line 
GL is * parallel to MN. Again* became **7* *• t< 
MN is a tangeflt. to the circle, the angle 
GMN 1$ a right angle, and MH is drawn 
perpendicular to the bafe; therefore the 
triangle GHM is f fimilar to the triangle t**- W 
MHN ; confe^aeady the triangle GHM 
is fimilar to the triangle GLK ; and the 
fides GL, GM, lubtending the right angles, 
ire equal ; therefore. the fide LK is J equal I *«£. *. n 
to GH, and GK to HM, and the fquare 
of GL is * equal to the film of the two *^e.l ij 
fijuafes defcribed upon GK and KL, that 
is, upon GK and. KB. But the fquare of *&&■ 
<SL is equal to the fquare of GF j there* 
fore the film of the two fquares defcribed 
upon GK and GH, the fegments of the 
diameter intercepted between theerdinates 
abd the center, is equal to the fquare de- 
faced upon half the diameter to which 
the ordinates are drawn ; W. W. D. 
JUfo I fay, the fquare of .GH. is equal 

to 
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to the re&angle contained between EK 
and KF : For becaufe the two fquares de- 
fcribed upon GK and GH are proved e* 
qual to the fquare of GF, and the fquare 

?$ m. 1%. of GF is * equal to the fquafe of GK, to- 
gether with the re&angle contained be- 
tween EK and KF; therefore the two Iquares 

• ' defcribed upon GK and GH are equal to 
the fquare of GK, together with the red- 
angle contained between EK and KF ; take 
from both the common fquare of GK, and 
there will remain the fquare of GH, equal 
to the re&angle contained between EK 
and KF. After the fame manner may it 
be demonftrated, that the fquare of GK is 
equal to the re&anglc contained between 
EH and HF. 

Therefore, If from the vert exes of 
two conjugate diameters of an elliffe, 
ordinates be drawn to any third diame- 
ter \ the fum of the fquares defcribed 
on the fegments of the diameter, inter- 
cepted between the center and each or- 
dinate, are equal to the fquare defcri- 
bed upon half the third diameter : Alfo 
the fquare of the fegment of the diame- 
ter, intercepted between one vf the or- 
dinates and the center, will be equal to 

the ' 
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the re Bangle contained between the feg- 
ments of the fame diameter, intercepted 
between thevertexes and the other or- 
dinate i which was to be demonftrated. 
Cor. i. From hence it follows, that EF, 
the diameter to which the ordinates are 
drawn, is to OP its conjugate,, as the 
diftance of one of thefe ordinates from 
the center is to the other ordinate ; ;be- 
caufe the fquare of EF is * to the fquare *ta *ftt*\t\ 
of OP, as the re&angle contained be- 
tween EKandKF, that is, the f fqttare t '*""/* 
of GH, is to the fquare of KC ; and 
therefore as the diameter EF, is Jto its ^i^./.tfi 
conjugate OP, (b is GH, the diftance 
of one ordinate from the center, to KC 
the other ordinate. 
Cor. *l. The fum of the fquares of any two 
conjugate diameters is eqttal to the fum 
of the fquares of the two axes. Let AB 
and CD be the two axes, EF, GH, a- 
ny other conjugate diameters, draw the 
ordinates HK, HN, EL and EM, and 
let O be the center of the ellipfe ; then 
becaufe the two fquares defcribed upon 
OL and OK, are * equal to the fquare *at*v$pri ' 
of OB, and the two fquares defcribed. 
upon OMand ON, that is, \ LE, and ti4*.J.„tf * 

U KH, 
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KH are equal to the fquare of GC; 
, therefore the toast fquares ddcribed up- 
on the lines OK, KH, GL, LE, are 
equal to the fquares defcribed upon OB 
. and OC But the lour fquares described 
**7E- '.i.. upon GK, KH, OL, LE, arc * equal 

to the. fqugres defcribecb upoa OE and 
OH; confequently the two fquares de- 
(bribed upon OE and OH are equal to 
the two fquares defcribed upon OB and 
OC ; and by quadrupling them, we will 
hgve the fquares defcribed upon AB and 
CD, the two apces, equal ta the two 
fqugres EE and GH, the two conjugate 
diameters. 

PROPOSITION XVHL; 
Taso.H m XVII> 

If from the vert exes of two conjugate 
diameters of an ellipfe four tangents 
be df.a'spHj the figure formed by them 
is a parallelogram ; tohich is equal to 
a parallelogram made by the tangents 
drawn through the vert exes of any o* 
ther two conjugate diameters. 

LET 



(?n?fu% (?ajt3' i 
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LET ABimd €© be t\yo conjugate di- 
ameters of any eilipfe, whofe ranter 
is O, and from their vertexes A, B, C 
and J>, the tangents PQ, QR, RS, SP» 
are drawn ; hecatffe PS, QR, are tangents 
drawn from th6 vertexes of the lame dia- 
meter, theifefore they are * f»rallci to one * 9 tftti*. 
another y and lot tfte fame teafonPQ, RS*. 
are parallel to one, another, confequently . 
the figure PQRS is a parallelogram ; and 
fdf the fa&te reafen the figure made by tire 
tangents drawn thirough the vertexes 'of a- 
ay* other two tfcnjttgate diameters is a pa- 
iSHelogram. Let E¥ dnd GH be two o- 
thet cohjngate diimeters* and TV, V'W k 
WX, XT, taiigents drawn from their ver- 
texes ; I fey, th* parallelogram PQRS is, 
equal to the parallelogram TVWX. 

For from the vertexes H pnd E of thei 
two conjugate diameters EF and HG, draw 
the ofdihates. HK* HN, EM and EL, to 
die two boBJu^ate diameters AB and CD, 
and let the tangents VT* XT, meet the 
diameter AB produced in Y, and Z, itad 
complete the parallelogram JfclOYI, and 
join HY ; . 

Then bceaufe EL is an ordinate to the 
d&ineter AB, and EY is a tangent to the. 

U x eilipfe, 



s'$6 Elements of Conic SeBiom. Book II.' 

ellijrfe, meeting the diameter in Y, as OY 

\?j&' * "> ° B « * fo •«• OB to OL ; and becaufe 
EL, HK, are ordinates to the diameter 
AB, drawn from the vertexes of two con- 

* c# £dT J 1 ^ 10 diameters, as OB is to OC, f fo is 
OL to HK ; /then becaufe the three magni- 
tudes, OY, OB and OC, and the three 
magnitudes, OEi # OL and HK, are two, 
and two in ordinate proportion, they will 

!»»£«*< 5< fee in proportion by X equally, that is, as 
OY is to OC, fo is OB to HK, or YI, 
which is equal to it. But becaufe CO is 
parallel to YI, the angles COB, OYI, are 

**9£r i,i.* equal ; therefore the parallelogram COBP 

f h^/6. is /j equal to the parallelogram OMIY. 

#♦1*1 A it But the parallelogram OMIY is $ double 
the triangle OHY; wherefore the pa- 
rallelogram EOHT is equal to the paral-* 
lelogram OMIY; that is, the parallelo- 
gram EOHT is equal to the parallelogram 
COBP; and confequently the whole pa- 
rallelogram PQRS is equ4 to the paral* 
JefogramVWXT. 

Therefore, If from the vertexes of 
two conjugate* diameters vpf an • eUip/e;> 
four tangents be drawn, the figure for* 
mod by them is a parallelogram, which 
k t^ml tQ tfartlhlogram made hy> the 

tun* 
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tangents drawn from the vert exes ofa- 
ny vtber two conjugate diameters /which 
was to be demonftrated, 

PROPOSITION XIX. 
Theorem XVIII. 

» 

If from any point in the periphery of 
an ellipfe a tangent b t e drawn, which 
produced cuts two conjugate diame- 
* ' ter s, the reft angle contained between 
K the fegments of the tangent, inter- 
cepted between the point of contact 
dnd thefe diameters, is equal to the 
fquare of a femi- diameter conjugate 
to that, which is drawn through the 

1 point ofconiaft, ' ' ' * 

•* , . » 

LE T E be any point in the periphery 
of the ellipfe AEB, through which 
the tangent ET is drawn, dieting the two 
conjugate diameters AB, CD, produced 
in the points Y and d, and letGH be con* 
jugate to the diameter EF, drawn through 
the point of contad; I lay, the re&angta 
contained between YE and Ed is tequal to . . . 
the fquare of OG or OH ; For from E and 
H 4raw EL ar4 HK * parallel to. CD.; / J '*• »• '- 1 
-• •'; Thea 
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Then becaufe EL is parallel to dO, as 

***. i.e. VL is to LO, * fo is YE to Ed; code* 
quently a redtangle contained between YL 
and LO is fimilar to a re&angle contain- 
ed between YE and Ed ; -and becaufe EL 
is parallel to KH, and EY to OH, the 
triangles ELY and OftH are equiangular; 

f 4E> U. ^d as LY is to YE, f fe .». OK to OH; 
and becaufe the re&angle contained be- 
tween YE and Ed is fimilar to the red- 
angle contained between YL and LO, 
whole homologous fides are YE and YL; 
and the Square of OK is fimilar to the fquaie 
of OH ; therefore as the fe&angle con- 
tained between YL and LO is to the red- 

frxE.i.6. angle Contained between YE dud Ed, | fb 
is the fquare of OK to the fquare of OH. 
But the redtangle contained between VL 

•ittftbi,. jpdiG is * e^ual to the r<e#angte coff. 
ttrihfcd betwecin AL and LB, *nd thfe red. 
angle contained betwfeen AL and LB is 

\179fthis. f cqiial to the fqfl*re of O&t wherefore 
the ;re<5tengie contained between YL mi 
LOis equal to ; fhft Iqnare 6f OK ; eonfe* 
qUenrly the rectangle contained betwecb 

$HE.l.i. YE and Ed is £ equal to thd Iqvtoc of 

oh: 

The*eforfe> IfffoM ify ftite mJH 
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periphery of an ellipfi a tangent be 
dran$m y which produced cuts two con- 
jugate diameters* the rectangle contain* 
ed between the figments of the tangent , 
-intercepted between the point of contatt 
and tbefi dimeters f is equal to the 
fyuare of a femi-diameter conjugate to 
that, which is drawn throngh the point 
of contaB / which was to be demonftrated. 
Cor. From hence it follows, that if from 
any point in the periphery, a tangent be 
drawn cutting two diameters, and if the 
re&angle contained between the feg- 
rnqnts of the tangent, intercepted be- 
tween thefe diameters and the point of 
conta&, be equal to a fquare described 
upon the femirdiameter,. which is con- 
jugate to that, drawn through the point 
pf contad, thefe diameters cut by the 
tangent are conjugate diameters. , 

# ♦ 

PROPOSITION XX. 
Theorem XIX*. 

If from any point in the periphery of 
an eilipfe an ordinate be drawn to a- 
ny diameter, and from the vertex pf 
that diameter a right lim be drawn 

per- 
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• fendicular to it> and equal to its £0- 
tus re Bum, the fquare of the femi- 
or din ate, is equal to a re&angle con- 
tained between the abfcifs and the tor- 
tus re&um of that ordinate, wanting 
in figure a re El angle Jimilar to that 
reft angle which is contained between 
that diameter and its latus refitum. 



L 



E T AB be any diameter of the ellipfe 
ACB, whole conjugate diameter is 
EF, and from the point C let CD be drawn 
an ordinate to it, cutting it in G, and from 
the vertex B let BH be drawn perpendi- 
cular to the diameter, and equal to its la- 
tus re&um, and complete the redangle 
ABHK ;' I lay, the fquare of CG is equal 
to the rc&angle contained between GB 
and BH, wanting in figure a parallelogram 
fimilar to the redangle ABHK : For join 
* i ie. z.i. AH, and from G draw GL * perpendi- 
cular to AB, cutting AH in L, and KH 
J3i*./.i. in M, and through L draw LN f parallel 
toAB; 

Then becaufe BH is the latus reftumof 

U'r-±pr. the diameter AB, as AB is to BH, \ fo is 

'• the redangle coined between AG and 

GB, to the fquare of GC. But as AB is 

to 
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to BH, * fo is AG to GL; therefore as *ae. 1.6. 
the re&angle contained between AG and 
GB is to the fquare of GC, fo is AG to 
CjL. But as AG is to GL, f fo is thef ie.l*± 
redrangle contained between AG and GB, 
to the re&angle contained between LG and 
GB, becaufe they have both the feme 
• height, viz. GB; therefore as the re<9> 
angle contained between AG and GB is 
to the fquare of GC* £ fo is the rerffcangle t « * e ./. $ : 
contained between AG and GB to the rect- 
angle contained between LG and GB ; con- 
fequently the fquare of the femi-ordinate . 
GC is * equai to the redtangleBGLN. But * 9E. !&: 
the re&angle BGLNis aredangle contain- . 
ed between the abfeifs GB, and the latus 
re<3um BH, wanting in figure the redangle 
HMLN, which is f fimilar to the redfcangle \%+E.l «; 
ABHK, contained between the diameter* 
AB and its latus rcdhim BH. After the 
feme manner may it be demonftrated, that 
if from the vertex, BO be drawn equal to 
the latus re&um, tho' not at right angles 
to the diameter, and AO joined, and 
through G, GP be drawn parallel to BO, 
and cutting AO in P, the redtangle con- 
tained between GP and GB will be equal 
to the fquare of the femi-ordinate GC. 

X There- 
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Therefore, If from any faint in the 
periphery of an ellipfi , an ordinate be 
drawn to any diameter* and from the 
vertex of that diameter \ a right line be 
drawn perpendicular to it 9 and equal 
to its latus rettum ; the fqnare of the 
femi-ordinate is equal to a rectangle con- 
tained between the abfeifsand the latus 
rettum of that diameter \ wanting in fi- 
gure a re Bangle fimilar to that Te&~ 
, angle \ which is contained between that 
diameter and its lotus re&um'i which 
was to be demonftrated (a). 

PROPOSITION XXL 
Problem II. 

. Two unequal right lines being given, 
mutually bife£ting each otber 9 and 
cutting one another at right angles s 
to defcribe an ellipje, wbofe two a- 
xes will be equal to the two given 
right lines. 

XET 

(a) From the property of the fquares of the femi-or- 
dinates being equal to the re&angle contained between 
their abfeifles, and the latus re&um of the diameter, want- 
ing in figure a re&angle fimilar to the re&angle contain- 
ed between the diameter and its latus rc&um, it was, that 
yAbollonius called this curve an elliffc. 
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LE T AB and CD be two unequal right 
hues, mutually bife&ing each other 
m the point E, and cutting one another 
at right angles ; it is required to describe 
an ellipfe* which has the two lines AB and 
CD for its two axes. From C the extre- 
mity of the fmaller line cut a part off, as 
CF, equal to AE half the greater line AB, 
and about the center C, with the diftance 
CF, defcribe a circle cutting the line AB 
in the points G and H, in which let the 
extremities of a line be fixed, whole length 
is equal to the given line AB, and by means 
of a fmall pin, if the ellipfe AKL be * de- ]** ' * 
fcribed, the two given right lines, AB and 
CD, will be the two axes of it. 

For becaufe CF is drawn through the 
center, cutting t the line GH at right angles, 
GE is f equal to EH, and G and H are t J *• '•*? 
the two foci of the ellipfe, the point E is 
the | center of the ellipfe ; and becaufe *^ 3 tf 
AE and EB ate each equal to half the 
length of the generating threed, the peri- 
phery of the ellipfe will pafs through the 
points A and B ; and becaufe CG is equal 
to AE, the periphery of the ellipfe will 
alfo * pafs through the point C. But CE *'?'£& 
is equ^l to ED, confequently it will like- 

X % wife 
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wife pais through the point D ; and becaufc 

AB is a diameter drawn through the foci, 

f iif. 6 of it is the f tranfverfe axis, and the diame- 

* dlf, 7 of ter CD at right angles to it is the J final- 

thiSt ler axis ; therefore the ellipfc AKL is de- 

fcribed, which has AB and CD, the twe 

given right lines, for its two axes ; which 

was to fa done. 

PROPOSITION XXII. 
Problem III. 

With a given right line, and a given 
point out of it, to defer ibe an ellipfe, 
which will have the given right line 
for its tranfverfe axis, and pafs 
through the given point i.but it is ne- 
ceffary that the point be in fueh a po- 
Jit ion, that a line drawn from it per* 
pendicular to the given line, cut it 
in a point between its extremities. 

LE T AB be the given right line, and K 
the given point out of it, in foch ? 
pofition, that KM, a line drawn from it 
perpendicular to AB, cuts it in M, a point 
between its extremities ; it is required to 
4efgribe m cHipfe* which will baye AB 

for 
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for its traafverfe axis, and which will pais 
through the point K. Find a line, as DC, 
the. fquare of which will be to the fquare 
of AB, as the iquare of MK is to the rect- 
angle contained between AM and MB, and 
let DC be fo placed, as both to bifedt it- 
felf and AB in E, as alfo to be at right 
angles to AB, and defcribe the ellipfe ♦♦m/VAii, 
AGB, which has AB and CD for its two 
axes, the point K will be in the periphe- 
ry of the ellipfe. For becaufe the fquare 
of AB is to the fquare of DC, as the rect- 
angle contained between AM and MB, is to 
the fquare of MK, f confequently the point fi 3 rfthh. 
K is a point in the periphery of the el- 
lipfe. Therefore there is defcribed an el- 
lipfe ACB, which has the given right line 
AB for its tranfverfe axis, and whole pe- 
riphery pafles through the given point K | 
Hjuhich was to be don?, 

PROPOSITION XXIII. 
Problem IV. 

To find; the diameters, the axes, the fa- 
ct, and center of a given etttyfe. 

LET 



! \ 
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LET ABCD be any ellipfe, it is requi- 
red to find its diameters, its axes, its 
foci and center. Draw any two right lines, 
asBD and EF, parallel to one another, and 
terminated both ways by the periphery of 

♦io£./.i.theellipfe;* bifed: thefe lines in the points 
Gand H ; join the lincGH, which produce 
both ways until it cot the periphery of the 

]c*r. %.%r. ellipfe in A and C ; the line AC is a f dia- 

1 ' ''meter. After the feme manner may any 
other diameter be found ; and if AC be 

% 3 of this, bife&ed in G, the point G is the | center 
of the ellipfe. 

To find the axis, the center being found 
as above. Take any point in the periphe- 
ry of the ellipfe, and join a line from that 
point to the center G ; and if about G, as 
a center, with the diftance GA, a circle 
be defer ibed, it muft either ly wholly with. 
out the ellipfe, wholly within ii 9 or cut 
it. Firft, let it ly wholly without it, as 
KAL, the diameter is the greateft in the 

f 7 of this, ellipfe, and is the * tranfverfe axis ; and if 
the circle, as MBN, lies wholly within 
the ellipfe, the diameter BD is the leaft, 
and confequently the finaller axis ; btit if 
the circle, as EOF, cut the ellipfe, join 
the line EF, and through the qejiter G 

draw 



i - 
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ciraw GH perpendicular to EF, which pro- 
duce until it cut the ellipfe-in the points 
A and C ; I fay, AC is one of the axes. 
For becaufe GH drawn through the cen- 
ter, cuts the line EF at right angles, it is 
* bife&ed in H ; therefore EF is ad f or* * 3 e. u 5: 
dinate to the diameter AC, and is $ pa- \fi£ 9 * 
rallel to the tangent QP, drawn through intftkiu 
the vertex A of the diameter AC. Bat 
EH A is a right angle, coniequentlyQAH 
is a * right angle; therefore the diameter * 29 e.i. 1; 
AC is one of the f axes ; and if BD be f €0r . %.^ 
drawn at right angles to it, it will be the %0 f thiu 
other axis. The foci may be found after 
the fame manner, as in prop, zi of this; 
wherefore the diameters, the center, the 
axes, of the given ellipfe ABC, are found; 
which was to be done. 

PROPOSITION XXIW 
Problem V. 

Two right lines being given, mutually 

bifeBing one another, to defcribe an 

ellipfe, which has the two given lines 

for two conjugate diameters, and to 

fnd its axes. 

LET 
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LET AB and CD be any two given 
right lines, mutually bife&ing each 
other in the point E ; it is required to de* 
(bribe an ellipfe, and to find its axes* which 
will have the lines AB and CD for two 
conjugate diameters. Produce EA, and 
*u *.!.*. find a * third proportional to AE and EC, 
fi©£./.i. which let be AF; \ bife& EFin G, and 
Jji4M.i.fiom A draw AH % parallel to CD, and 
♦u£.J.i. jfrom G draw GK * perpendicular to E¥, 
cutting the line AH in K ; about the cen- 
ter K, with the diftance KE or KF, dfe 
fcribe a circle which cuts the line AH in 
the points H and L, and join the lines EL 
and EH, and from the point A draw AM 
fi3£./. 6. perpendicular to HE, and find a f mean 
proportional to EM and EH, ^*fch let 
be EN, and make EO equal to EN ; de- 
fa of this, fcribe the $ ellipfe NAO, which has NO 
for one of its axes, paffing through the 
point A : I fay, the given right lines, AB, 
CD, will be two conjugate diameters of 
that ellipfe. For becaufe A is a point in 
the periphery of the ellipfe, and from it 
AM is drawn perpendicular to the axis 
NO, and EM is to EN, as EN is to EH; 
*r#r. i.tr. therefore AH is a * tangent to the ellipfe ; 
and becaufe CD is parallel to HA, CD 

witt 
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-will be in f the lame portion with die du f ** '-/A 
ameter which is conjugate to AB; andbe* tzoft "' 
caufe the angle HEL is a right angle, it 
beipg $ in a femicircle, therefore EL is h*EJ.$ 
the conjugate axis to NO ; and becaufe 
LH is a tangent cutting two conjugate di- 
ameters produced in H and L, the rect- 
angle contained between HA and AL is 
* equal to the fquare of the femi-diameter *t^fthln 
which is conjugate to AE, drawn through 
the point of contadfc. But the re&angle 
contained between LA and AH is f equal t m W*iJ 
to the re&angle contained between EA 
and AFf and fince as EA is to ED, fb 
is ED to AF, \ therefore tjie re&anglef 1 ?*'^ 
contained between EA and AF is equal 
to the fquare of ED ; cbnfequently ED is 
half the diameter which is conjugate to 
AE; wherefore the periphery of the el- 
lipfe NAO will pafs through the point D ; 
and becaufe DE is equal to EC, and AB 
to EB, it will alio pais through the points 
B and C ; therefore the lines AB and CD 
are conjugate diameters to the ellipfe N AO, 
tyhich is an ellipfe described, whole axes 
NO and LE are found, and which has the 
two given lines, AB and CD, mutually 

Y bit 
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bifeding each other, for two conjugate & 
ameters ; which was to be done. 

PROPOSITION XXV- 
Problem VI. 

With a given right line, and a given 
joint out of it, to defer ibe an ellipfe, 
which will have the given line a di- 
ameter, and whofe periphery will 
pafs through the given point; but' 
the given point muft be in fuch a po* 
fition, that a line drawn from it 9 pa* 
r a lie I to an ordinate to that diame- 
ter, cuts it between its extremities. 



JLa* 



E T AB be the given right line, and 
P the given point, and from P let 
PQ^be drawn parallel to an ordinate to the 
diameter AB, cutting it in Q, between its 
extremities A and B ; it is required to de» 
(bribe an ellipfe, which has AB for a dia* 
meter, and whofe periphery will pafs 
* iojt.z. 1. through the point P. * Bifed the line AB 
iiiE.1.1. in E, and through E draw EC f parallel 
to PQ, and take EC, ED, equal to one 
another, and in fuch a manner, that the 
(quare of AE may be to the fquare of EC, 

as 
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s 

as the re&angle contained between AQ_ 
and QB is to the fquare of PQj and de- 
fcribe the ellipfe ACB, which has AB and 
CD for two * conjugate diameters ? I fey, **4 •/>**• 
the ellipfe ACB will pals through the point 
P. For becaufe from the point P a right 
line is drawn parallel to the ordinate of 
the diameter AB, and cutting it below its 
vertex, and the fquare of AB is to the 
fquare of its conjugate CD, as the red- 
abgle contained between the fcgments of 
die diameter, intercepted between its ver- 
texes and the line drawn cutting it, is to 
the fquare of that line ; confequently the 
point P is a f point in the periphery of IntfWWu 
the ellipfe. Therefore the ellipfe ACB is 
defcribed, which has the given line AB 
for a diameter, and its periphery pafles 
through the given point P out of it ; which 
was to be done. 

PROPOSITION XXVL 
Theorem XX. 

If from every point in a given line, right 
lines parallel to one another be 

: drawn, cutting a given right line 
ietweep its extremities s and if the 
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fquares of the parallel right lines 
have the fame proportion to -one ano- 
ther, as the re&angles contained be* 
five en the fegments of the given right 
line, intercepted between its extre- 
mities and tbefe refpeft'tve parallel 
lines ; that line is the periphery of 
an ellipfCy which has the given right 
line for a diameter. 

LET ABC be any line, and AC a gi- 
ven right line, and from the points 

D, F and B, 8fc\ let the lines DE, FG, 
BH, &r . be all drawn parallel to one aa- 

, other, catting the line AC in the points 

E, G and H; and if the fquares of DE, 
FG, BH, Qfc, have the fame proportion 
to one another, as the rectangles contain* 
cd between AE and EC, between AG and 
GC, and between AH and HC, ftfc. the 
fegments of the given line AC, intercept* 
ed between its extremities and the points 
E, G and H, where tbefe parallel lines 
cut it: I lay, the line ABC is the peri- 
phery of an dlipfe, which has the given 
right line AC for a diameter. For describe 
an eilipfe, which has AC the given right 

W*/>, lino for a * diameter, and DE parallel to 



Book II. Elements ofCotik Sc&wm*. 175 

an ordinate of that diameter, and whole 
periphery will pais through the given point 
D : Thai becauie DE is parallel to an or* 

» 

dinate of the diameter AC, all the other 
lines, FG, DE, ®c. are * parallel to the **<>E.Lti 
ordinates of the fame diameter AC ; and 
becauie the fquare of DE is to the fquarc 
of FG, as the re&angle contained between 
AE and EC, is to the rectangle contained 
between AG and GC, the fegments of the 
diameter, intercepted between its vertexes 
and thefe refpe&ive lines, » and the point 
D, is in the periphery of the ellipie; there- 
fore the other point F is alio f in the pc- W • vf* 
jipheryof the ellipfe. After thefame man^ ,3 *' ""■ 
ner may it be demonstrated, that any o- 
iher point in the line ABC is in the peri- 
phery of an ellipie, which has the given 
Jine AC for a diameter. 

Therefore, If from every point in a 
given line, right lines \ parallel to one 
tatotber, be drawn, cutting a given 
Tight line between its extremities ; and 
if the fquares of the parallel right lines 
have the fame proportion to one ano- 
ther, 0s the rectangles contained be- 
tween the fegments of the given right 
line, intercepted between its extremi- 
ties 
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ties and tbefe re$e&ive parallel lines $ 
that line is the periphery of an elli/fa, 
which has the given right line far a di* 
ameteri which was to be 
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PROPOSITION XXVIL 
Theorem XXI f 

If any cone be cut by a plane pajjing 
through its axis, and by another. plane* 
neither parallel to the bafe of the 
tone, nor making a fiibcontrary fedtl- 
on (a) x and cutting both the fides of 
the triangle made by the plane faf- 
fing through the axis; and if the 
common feStion of the cutting plane, 
and the bafb of the cone, coincide in 
a right line x "which is perpendicular 

to 



(a) ApMonius Pergtus deraonftcates, la the 5 th prop/ 
ef the firft book of his Conies, that if any fqriene cone 
be cut by a plane through its axis, and perpendicular ta 
its bafe, and by another plane at right angles ta the tri- 
angle made (?y the fe&ion thrQugb its axis, and cutting 
off from the vertex a triangle fimilar tQ the triangle made 
by the plane pafiing through the axis, but in a fubcoiv* 
trary position to it > then the figure made by the com- 
mon fe&iqn of the cutting plane^ and the furf^ce of tlft 
cone, is a circle* and the fsftipa {s called * fofapntrarf 
ftft»*x 
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to the bafe of the triangle made by 
the flane $ajfing % through its axis i 
the figure made by the common fefti- 
on of the cutting f lane \ and the fut+ 
face of the cone 9 is an ellipfe, having 
the common feftion of the cutting 
f lane •, and the triangle made by the 
flane faffing through its axis, for a 
diameter. 

LET A be the vertex of any cone, th« 
circle BDC its bafe, which is cut by 
a plane pafling through its axis, and let 
ABC be the triangle made by that fe&ion, 
and let it be cut by another plane, which 
is neither parallel to the bale of the cone* 
nor in a fabcontrarypofition, and cutting 
both fides of the triangle pafling through 
the axis, and which makes, with the fur* 
Ace of the cone, the figure EGF, and let 
KH be the common fedtion of the cutting % 
plane, and the bafe of the cone, which is* 
perpendicular to BC the bafe of the tri- 
angle, pafling through the axis produced ; 
I fay, the figure EGF is an ellipfe, which 
has EF the common fedtion of the cutting 
plane, and the triangle pafling through the 
axis, for a diameter. 

For 
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For through G and O, two points in 
T uE.l.1. the figure EGF, draw GL and OP, * pa- 
rallel to KH, catting EF in L and P, and 
through the points L and P draw LM, 
<£J>, f parallel to BC, catting both ffd£ 
of the triangle in the points M f N, Q 
and R ; 

Then becaufe ML is parallel toBK, and 

GL to KH, the plane^paffing through ML 

luE.Lu. and LG is f parallel to the plane pafling 

through BK and KH, that is, to the bafe 

of the cone ; confequently the plane pa£ 

\{"fth!i ^S trough ML and LG is a | circle, 
which has MN for a diameter. Again, bo* 
caufe the lines ML, LG, are parallel to 

fiQffJ.it.BK, KH, the angle MLG is * equal to 
the angle BKH, that is f a right angle; 
therefore the re&angle contained between 

U&hB. ML and LN is f equal to the fquare of 
GL. After the fame manner may it be 
demonftrated, that the fquare of PO is e* 
qual to the rc&angle contained between 
QP and Rr . But the re&angle contain- 
ed between ML and LN is to the rc&angle 

i%}E,l.t. contained between QPand PR, in a J ra- 
tio compounded of ML to QP, and of 
LN to PR : But becaufe ML is paralld to 
QP, the triangles EML, EQP, are fimi- 

lar; 
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Jar ; and for the fame reafbn the triangles 
XNF, PRF, are fimilar; therefore JVIL is 
to QP as * EL is to EP, and as L.U is to * 4 £. /;& 
PR* fb is LF to PF ; wherefore the ratio 
^compounded of ML to QP, and of LPvJ 
fca PK, is equal to the ratio compounded 
of EL to EP, and of LF to PF, that is, 
as the. re&angle contained between EL 
and LF f is to the re&angle contained be- fai.l t? 
tween EP arid PF; therefore the red:- 
angle . contained between EL and LF, 
£ is to the re&angle contained between 
EP and PF, as the fquare of GL is t6|ix£;fc£j 
the (cjitate of OP. The fame may be de- 
inonftrated <if any other line drawn from 
any othet point in the figtire E(jF, cutting 
the liiie EF, and parallel to KH ; confe- 
quently the figure EGF is * the periphery 4 l6 ,f t h% 
of an ellipfe* which has EF j the common 
ie&ion of the cutting plane, .and the tri- 
angle made by die plane palling through 
the axis, for a diameter. 

Therefore* If any cone be cut by a 
plane pajjing through its axis; and by 
dnothe? plane neither parallel to the 
bafe of the cone* nor making a fiibcon* 
irary fbBion, and cutting both fides of 
the triangle made by the plane paffing 

2> through 
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through the axis ; and if the common 

feffiou of the cutting plane and the 

bafe of the cone coincide in aright line, 

which is perpendicular to the bafe of 

the triangle made by the plane pajfiHg 

through its axis i the figure made by 

the common feci ion of the cutting plane 

and the furface of the cone, is an et- 

lipfe, having the. common fe&'ton of the 

cutting plane, and the triangle made 

by the plane poping through its axis, 

for a diameter i which was to be d« 

itrated. 
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through the axis; and if the common 
feclion of the cutting plane and the 
bafe of the cone coincide in aright line, 
which is perpendicular to the bafe of 
the triangle made by the pane pajt%x 
through its axis i the figure made by 
the common feci ion of the cutting f lane 
and the furface of the cone, is an ei- 
' ' lipfe, having the. common feftion of the 
cutting plane, and the triangle made 
by the plane faj/ing through its axis, 
for a diameters which was to be demon- 
ilrated. 
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DEFINITIONS. 

I, ~TF to the point A in any plane, an* 
I end of the rule AB he placed, w 
fuch a manner \ that about that 
point, as a center \ it may freely move ; 
and if to the other end B of the rule AB r 
be fixed the extremity of the threedBDC, 
who fie length is Jmqller'than the rule 
AB, and the other end of the threed be* 
ing fixed m the point C, coinciding with 
the fide of the rule AB, which is in the 
fame plane with the given point A ; and 
let part of the threed, as BD, ke brought 
tlofe to the fide of the rule AB, by mean ? 
of 4 Jmall' pin D/ then let the rule be 
WV&d «faup the point A, from C to~ 

E \ ward* 
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wards F, the threed all the while being 
extended^ and the retraining fart coin- 
ciding with the fide of the rule* being 
ft opt from going from it by means oft he 
fipall pin, and by the motion of the/mall 
//fc D, a certain figure is defer ibed which 
is called the femi-hyperbola. 

And if the rule be brought to its fir ft 
given pofition 9 and in the fame maqner 
be moved about the center A, from C 
fowards H, the other femi-hyperbola will 
fe defer ibed, 

Alfo if the extremity A, of the ru- 
ler AC, be now fixed to the point 0, 
and the end C, of the threed BDC, be 
fixed at the point A s and if in the fame 
manner as before \ the rule be moved 
round the point G, another hyperbola 
%vM be defcribed\> which is oppofite to 
the fir ft r and both thefe together are 
failed oppofite hyperbolas. 

Likewife thefe hyperbolas may be ex*, 
tended from the points C and A to a du 
fiance greater than any given diftance* 
Viz . if the length of the generating threed 
fye taken greater than that diftance ; and 
if from any point two right lines be 
drawn to the points A and G, either 
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coinciding in a right line or not, theje 
lines will cut the oppofite hyperbolas, 

II. The two joints A and C are cal- * 
led the foci. 

III. The pint G, which bifefts the . 
line AC, joining the foci, is called the 
center of the hyperbola or oppofite hy-* 
perbolas. 

IV. Any right line drawn through 
the center, and terminated by the oppo- . 
fite hyperbolas, is called a firft or tranfc 
verie diameter, and the points where it 
cuts the hyperbolas are called its ver- 
texes ; but a right line drawn through 
the center, bifefting a line terminated 
by the oppofite hyperbolas, is called a 
fecond diameter. 

V. That diameter which is drawn 
through the foci, is called the firft, or 
tranfverfe axis, and its vertexes are cal- 
led the principal vertexes. 

Cor. From this and def i. it follows, 
that if a line be drawn at right angles 
to the tranfverfe axis, cutting it be- 
low its vertex, it will produced cut 
the periphery of the hyperbola. 

VI. If from one of the vertexes, E, 
fffhe iranfverft axis EK, aparp, EL, 
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be tut off equal to GC, the difiance be* 
tween the center and one of the foci} 
and if abfiut E, as a center, with the 
difiance EL, a circle be defcribed, cut- 
ting a line drawn through the center at 
right angles to the tranfuerfe axis in 
M md N, the line MN is called the &» 
concl axis, 

VII Two diameters, one of which &i- 
fetfs all the lines that are parallel to 
the other \ and terminated both ways by 
the fame or oppofite hyperbolas \ are col* 
yd conjugate diameters. \ 

VIIL Any right line not draw* ' 
through the center, and terminated both 
ways by the fame or oppofite hyperbo* 
las 7 and bifeEled by a diameter, is col* * 
fad an ordinate to that diameter } alfo 
a diameter which is parallel to an or* 
dinate of any other diameter, is called 
an ordinate to that diameter. 

IX. The fegment of the diameter, in* 
tercepted between its vertex and an or* 

diuat$, is called the ^hfctffr of that ordU 
nate, , 

X, A right line which touches the 
hyperhola in on? point m^, and pr^ 

4wtd both w$*> fidb witfaut &* 

I 
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%ook IH. Elements of Conic Se&ionu 183 

is called a tangent to the hyperbola. 

XI. A third proportional to two con- 
jugate diameters is called the latus re-* 

«9:um f or the parameter to the diameter 
Jirjt mentioned in the proportion* 

XII. If through the vertex of the 
tranfverfe axis a right line be drawn 
parallel and equal to the fecond axis, 
and bifelied by the tranfverfe axis, and 
right lines drai&n from the extremities 
of that Hne to the center ; thefe lines 
are called the aflymptdtes of the hyper- 
bola. 

Cor. From this def it follows, that if 
the extremities of the two axes be 
joined with right lines, thefe lines 
are parallel to the ajfymptotes of the 
hyperbola / For becaufe ED is paral- 
lel and equal to AL, therefore AD 
ps * parallel to LE. *n*xu 

XIII. jfHy right line drawn through, 
and bifetted in the center of an hyper- 
bola, parallel to a tangent, and which 
is equal in length to the fegment of the 
tangent intercepted between the ajfpn- 
ptotes, is called afecond diameter to the 
tranfverfe, drawn through the point 6f 

con faff: 

XIV- If 
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XIV. If upon two right lines, AB 
and CD, mutually bifefting each other \ 
and cutting one another at right angles, 
two oppofite hyperbolas* as AF, BG, be 
defcribed, and upon the fame right lines 
two other oppofite hyperbolas be defcri- 
bed, in fuch a manner* that CD, the 
fecond axis of the firfi two, is the tranf 
verfe axis of the lafi two i and the 
tranfuerfe axis of the firfi two is the 
fecond axis of the lafi two : Thefe four 
hyperbolas are called conjugate hyper* 
. bolas. 

PROPOSITION L 
Theorem L 

If frdfn aHy point in the periphery of 
an hyperbola two right lines be drawn 
to the foci, the excefs by which the 
greater exceeds the fmaller* is equal 
to the tranfuerfe axis, 

LET FD£ be any hyperbola, whole 
ibci are A and C, and its tranfverfc 
* axis KE, and from any point in it, 
as D, let the right lines, DA, DC, be 
drawn to the foci ; I fay, the excefs by 

which 
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which DA the greater exceeds DC the 
finaller, is equal to KE the tranlverfe axis. 
For let ADB be the generating rule, and 
BDC the generating threed, and let the 
finall pin, with which the hyperbola was 
delcribed, be at the point D ; from both 
take DB, which is common, then will the 
excels by which the remainder AD exceeds 
the remainder D(\ be equal to the excels 
by which the generating rule AB exceeds 
the generating threed BDC. The fame 
may be proved of any other point in the 
periphery of the hyperbola. And becaufe 
die verteies of the tranlverfe axis are in 
the periphery of the hyperbolas, there- 
fore the excels by which KC exceeds K A, 
as alio by which EA exceeds EC, is e- 
qual to the excels by which the rule ex- 
ceeds the generating threed, that is, the 
excels by which AD exceeds DC ; and 
therefore thele excefles are all equal to one 
another; and by adding EC to both AE 
and EC/ then will the excels by which * 
AC exceeds twice EC, be equal to the 
excels by which AE exceeds EC For ^ / 
the feme reafon the excels by which AC ' 

exceeds AK twice, is equal to the excels \ 

by whiqh KC exceeds KA ; confequently 

A a the 
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the excds by which AC exceeds EC twice; 
is equal to the excels by Which AC ex- 
ceeds AK twice ; therefore twice AK is e- 
qual to twice EC, and AK equal to EC; 
wherefore the exce& by Mvhifch AE ex- 
ceeds EC, i$ equal to the exde& by which j 
AE exceeds AK. But the excds by which 
AE exceeds AK is equal to the tranfverfe i 
axis EK ; therefore the excds by which ] 
EA exceeds EC, that is, the excefs by J 
Which AD exceeds BC, is equal to the 
tranfverfe aiis KE. 

Therefore, If from any point in the 
periphery of an hyperbola tw6 right lines 
be drawn to the foci, the excefs by 
which the greater exceeds the fmaUtr 
is equal to the tranfverfe axis; which- 
was to be demonftfated. 
Cor. i. From hence It follows, that the* 
tranfVerfe axis is bife&ed in the center :* 
For becaufe GA is equal to GC, airf 
AK equal to EC, therefore the remain- 
ing part GE is equal to the remaining 
part GK. 
Cor. x.Oppofite and conjugate hyperbolas' 
have the fame right lines for their ifiyt& 
ptotes. Let EL, EM, be the aflyffi-. 
ptotes of the hyperbola AF, and through 
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A and B f the vcrtexes of its tranfverfe 
, axis, diaw the lines LN y ON, * paral- * 3 i£*/. 1* 
lei to the fecond axis CD, and cutting 
the/aflymptotes in the pokijs Q 9 L, 
M and N ; then becaufe thq lines BN, 
LA, art both parallel to CE, they are- 

• ' f parallel to one another, and the angle, Uo e.Lu 

• BNE £ equal* to the angle ELA; 4U0 t *9*. i. 1. 
the angle AEL * equal to the angle * l s*.J-i*' 
BEN, and the fide BE equal tQ £A, 

(by the. preced. cor.) , therefore BN is 
. f equal to LA, thar is, CE,. half phe i l6E - 1 •*• 
: fecond axis. After the lame manner 
may OB be proved equ^I to CE ; coa- 
fequently the lines MQ, LN, are % the 
% aflymptotes of the hyperbola GB; al- **/•'« rf 
fo the lines OM and LN are the aflym- 
ptotes of the other two oppofite hy* 
«. perbolas CH and DK ; for join LC, 
/ and produce it until it cut the aflym T 
. ptote MO in O, then becaufe LA is 
; - parallel and equal to CE, CL is * par U**+ l U 
. rallel and equal to EA; and becaufe the 
- triangles OCE, EAM, are equiangular* 
and the fide CE equal to the fide AM, 
,,. which fobtend the equal angles AEM, 

• COE, therefore CO is \ equal to AE; *»«*>*•* 
. CQnftqucntly the lines OM, LN, are 

" An the 
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*def.ixif the * aflymptotes of the hyperbola CH, 
tku ' and its oppofite DK (a). 

PROPOSITION II. 

Theorem II. 

If from any point two right lines be 
drawn to the foci of two oppofite hy- 
perbolas \ and if the excefs by which 
the greater of thefe lines exceeds the 
/mailer, be equal to the tranfuerfe 
axis, that point will be in the peri- 
phery of one of the oppofite hyperbolas. 

ET AB, EH, be two oppofite hy- 
perbolas, whole foci are D and C, 
BE the tranfverfe axis, and from any point, 
as A, let the two right lines, AD, AC, 
be drawn to the foci, of which let AC be 
the lead, and let the excefs by which AD 
exceeds AC be equal to BE the tranfvcrfe 
axis ; I lay, the point A is a point in the 
periphery of the hyperbola AB, whofe 
focus C is neareft the given point: For 
if A be not a point in the periphery of 
the hyperbola AB, then will the hyper- 

t A/, i of bola f cut the lines AC or AD in fbme o- 
tkis. tha 

(a) This cor. is the 15th and 17th prop, of the fccoud 
book of J-follonlus Pcrgtm* 
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ther point: and firft, if poffible, let it cut 
the line AC in any other point, as F, and 
join the line FD. 

Then becaule F is a point taken in the 

periphery of the hyperbola, and from F 

the two lines FD and FC are drawn to the* 

foci; therefore the excefs by which FD 

exceeds FC is * equal to BE. But the two * i «/>*«. 

fides DF and FA are f greater than DA ; t* *-'- «• 

wherefore the excels by which DA exceeds 

AC is lefs than the excels by which DF 

and fA, taken together, exceed the lame 

line AC ; and if AF be taken from DF and 

FA taken together, and from AC, which is 

common, then will the excels, by which 

DF and FA taken together, exceed AC be 

equal to the excels by which DF exceeds 

FC ; confequently the excels by which 

DA exceeds AC, is lefs than the excels 

by which D£ exceeds FC. But DF exceeds 

FC by the tranfverfe axis, therefore the 

excels by which DA exceeds AC,is lefs than 

the tranlverfe axis, and equal to it, $ which } *#***. 

is abfiird . Neither can the hyperbola cut the 

line DA in any other point, than A ; for, 

if poffible, let it cut it in G, and join GC ; 

then becaule G is a point in the periphery 

of the hyperbola, the excefs by which PG 

ex- 
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exceeds GC is equal to BE the tranft 
axis, that is, the excels by winch DA 
ceeds AC. Bat AG and GC taken 

*»o£. /. i. ther are * greater than AC ; confequendy 
the excels by which DA exceeds AG and 
GC taken together, is icfs than the excdp 
by which the fame DA exceeds AC. ft* 
the excefs by which DA exceeds AG aad 

. . GC taken together, is equal to the excdSr 

by which DG exceeds GC ; therefore the 
excels by which DG exceeds GC, is k$ 
*han the excels by which DA exceeds AC i 
confequentiy the excels by which DA ex- 
ceeds AC, is greater than the tranfrerle 4- 
xis, which is abfhrd ; wherefore the point 
A is a point in the periphery of the hy- 
perbola. 

Therefore, If from any point two right 
lines be drawn to the foci of two oppo- 
site hyperbolas, and if the excefs by 
which the greater ofthefe lines exceeds 
the /mailer, be equal to the tnpnfverfe 
axis, that point will be a point in the 
periphery of one of the oppofte hyperbo- 
las ; which was to be demonftratecL # : 
Cor. 1. From hence it follows, that if $ 
- point be taken either between the pe^ 
; phery aod axis,, or without ^ &eri- 
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- phery of ail hyperbola, and from 
1 it two lines \>t drawn to the foci, in 

the firft cafe ih6 excds by. which the 
greater of thefe tines exceeds the final- 

* kr, will be greater than the tranfverfe 

' axis and in the fecond cafe it will be " -' ' 

- lefs ; becaufe the excefs by which DF 

* exceeds FC was proved * greater than *h tUs ^ 

* the excefs by which DA exceeds AC, 
and the excels by which DG exceeds 

« GC is demenftrated to be lefs than the 
1 excels by which DA exceeds AC, thac * r 
1 fs; the tranfverfe axis. • 

Cvr. i. If from any point two right lines T 
r be drawn to the foci of two oppofite 
c Hyperbolas, and if the excefe by which 
r flie ; greater -of thefe lines exceeds the 
4 firialler, be /either greater 6r lefs than 

* the traftfverfc axis ; in the firft cafe the 
; point will cither be in the axis, and be- 
low its vertex, or between the axis and 
periphery ; and m the fecond cafe it will * 

f be without the periphery of the hyptav 

bola. 
Or. 3. From hence it * alfb follows, that 

* if from the vertex of the tranfverfe axis 

* a line be drawn perpendicular to it, that 
line is a tangent to the hyperbola : For v 

from 
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from B, the vertex of the tranfverfe a- 
xis, let BK be drawn perpendicular to 
it; take any point in it, as K, and join 
KC and KD to the foci ; cut a part off 
the tranfverfe axis, as BL, equal to BC, 

* fftbU. and join KL ; then becaufe BC is * e- 

qual to DE, BL is equal to DE; and 
therefore LD is equal to BE the tranf 
verJe axis Again, becaufe LB is equal 
to BC, and BK common, and the con- 
tained angles LBK, KBC, right angles; 

f 4*. L t. therefore the bale KL is f equal to the 

bafe KC. But becaufe DL and LK are 

ixoE.Li: J greater than KD, therefore the excels 

by which KD exceeds KL, that is, KC, 
is lefs than the excels by which DL 
and LK taken together, exceed the 
fame KL ; that is, LP, equal to BE 
the tranfverfe axis ; wherefore the ex- 
cels by which KD exceeds KC, is Ids 

, than the tranfverfe axis; consequently 

?(r*. ar. * the point K is without the periphery 

of the hyperbola. And after the fame 
manner may it be demonftrated, that e- 
very point in the line BK, except the 
point B, falls without the periphery of 
the hyperbola ; therefore the line BK is 

♦*/• *°#/ a * tangept to the hyperbola. 

'*"' PRO- 
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PROPOSITION IIL 
Theorem IIL 

The fquare defcribed upon half the fe* 
. cond axis of any hyperbola is equated 
a reft angle contained between the/eg* 
ments of the tranfuerfe axis, inter- 
cepted between one of the foci and it £ 
<vertexes. 

LE T AB be any hyperbola, BF the 
traniverfe, and GH the fecond axis, 
C and D the foci; I fay, the fquare 
of GE, half the feeoild axis, is equal to 
the rectangle contained between FG and 
CB the fegtnents of the tranfvetfe axis, in- 
tercepted between its yertexes and the fen 
cos C. For join BG ; 

Then becaufe the angle BEG is a right 
angle, the fquare bf GB is * equal to the *4?«.&q 
film of the fquares defcribed upon BE and 
EG. But GB is f equal to EC, therefore f d*f. 6 
the fquaare df EC is equal to theforoof'*"* 
the two fquares defcribed upon BE and 
EG ; aqd becaufe BF is bife&ed in E, apd 
BC added to it* the fquare of £C is \ e- \ 6 $J. a 
<jual to the re&anglc contained between 
FC and CB, together with file fquare of 

B b BE j 
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BE ; therefore die rectangle coatained be- 
tween FC and CB, together with thefquare 
of BE, is. equal to the fom of the two 
fquates defcribed upon BE and EG ; take 
rrom both the common fquare of BE, and 
there will remain the re&angle contained 
between FC and CB, the fegracnts of the 
tranfverfe axis, intercepted between its 
vertexes and the focus C, equal to fh« 
(quare of GE half the fecond axis. 
- Therefore, The fiuare of half the Jb- 
cond Axis of any hyperbola is equal to 
the rectangle contained Metween the fig- 
ments of the tranfverfe axis, intercept* 
id het ween its vertexes and one of the 
feci i which wa« to be demonftrated. • 
Cor. The tranfverfe axis is the kaft of all 
the tranfverfe diameters in an hyperbo- 
la.* and the angle contained between a- 
• ny other tranfverfe diameter, and a tan* 

gentcfeawn from its vertex, is an acuta 
J,i angle : For let EB be half the franfverfe 

axte, and AE the half of any other 
tranfverfe diameter $ from A" let AO b0 
drawn perpendicular to thfcftanfveriea* 
jtis* cutting it in O, and ktAQjbe* 
tangent to the hyperbola, touching ft 
in A.; then becaufe EAO is a right* 

- • angled 
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angled tmngle, AE is * gw*r than*i9£Ai. 
EO } confeqwndy AE is much gr«*ter » 
than EB, and the angle EAQ ts *j* a- 
cute angle ; therefore f ha angle E AQ, 
confined between the traniverie diaqae- 
ter and tangent, is mare acute. 

« ■ 

P&OPOSITION IV- 

Theorem IV. 

If from any p&int m the periphery. of 
an hyperbola, which is not? the ver- 
tex of the tranfberf* an is, a line &e 
drawn perpendicular to the tranf- 
verfe axis, alfe a lixe to" the near eft 
focus, and from the vertex of the 
tranfverfe axis neareji to the given 
point, a line be cut off the axis pro- 
duced, equal U the diftanee between 
the given ptint and the' near eft focus; 
half the tranfverfe axis will have 
the fame proportion to the diftance be- 
tween one of the foci and the center, 
, as the fegment of the axis, intercept- 
ed between the perpendicular and the 

■ center, is to the fum of half the tranf- 
verfe axis, and the line drawn from 
the given point to the neareft focus-; 

Bbi Alfa 
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Alfo the reftangle contained between 
the fegments of the tranfver/e axis, 
intercepted between the foci and that 
point where the line cut ojf it produ- 
ced, equal to the line drawn from the 
given foint to the neareft focus, cuts, 
exceeds the reBangle contained be- 
tween the fegments of the tranfoerfe 
axis, intercepted between its ver- 
texes and the perpendicular^ by the 
fquare of the perpendicular. 

LET AB be any hyperbola, C and D 
the two foci, and E the center ; and 
from any point A, in its periphery, let AO 
. be drawn perpendicular to the tranfverfe a- 
. *is, cutting it in O, and join AC to the 
neareft focus C $ and from B, the vertex 
pf the tranfverfe axis, neareft to the given 
point A, cut a part off it produced equal 
to AC, which let be BK : I lay, as EB, 
half the tranfverie axis., is to EQ, the di- 
ftance pf the focus from the. center, fo, is 
EO, the diftance of the center from the 
perpendicular, to EK, the fum of half the 
tranfverie axis, and the line drawn from 
the given point to the neareft focus. For * 
|oin the line; AD tp fte other fpc^s, which. 
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produce at pleafare, and about the center 
A, with the diflancc; AC, defcribe the circle 
CBL, cutting the tranfverfe axis again in 
the point L, and the line AD , in the points 
M andN: 

Then becaufe A is a point in the peri- 
phery of the hyperbola AB, and AC, AD, 
are knes drawn from that point to the fo- 
ci ; therefore the excefs by which AD ex- 
ceeds AC, is * equal to the tranfverfe a- * 1 oftbiu 
xis BF; and becaufe AC is equal to AM, 
MD is the excefs by which AD exceeds 
AC; that is, MD is eqqal'to BF. But be- 
caufe AO is drawn from the center, cut* 
ting LC at right angles, LO is f equal to \ 3 i. i.r. 
OC; confequently LC is double OC. But 
nDC is i double EC, therefore the remain- i W- 3 if , 

this 

ing part DL is double the remaining part 
EO. Again, becaufe MN is double AC} 
that is, BK,andMD equal to BF, is double 
BE; therefore the whole DN is double th^ 
whole EK ; and becaufe D is a point tsiken 
, without the circle MBN, the re&dngle con- 
tained between DC and DL is * equal to *36£.J. 3 ;W. 
the rcdtangle contained between ND and 
MD ; wherefore as DM, or BF, is to DC, 
f fo is DL to DN; and by taking their fi« £./**,• 
klves, it is, as EB, half the tranfverfe a- 



ip% Elements of Conic SeBitms. Book III. 

yis, is to EC, the diftance betweea tbt 
center and focus, fc is EO, the diftanqe 
between the center and perpendicular, to 
J£K, the fiun of half the traniverfe axis, 
and the diflance from the given point tf 
the neareft focus ; W. W. D. 

Alfo I fey, the redangle contained b* 
tween DK and KC, the fegments of the 
"tranfrerfe axis, intercepted between the 
foci and that point where the line o*s if 
produced, equal to the line drawn from 
the given point to the neareft focus, ex* 
ceeds the reftaogle contained between FO 
and OB, the fegraents of the tranfverfe a* 
xis, intercepted between its vertexes and 
the perpendicular, by the fquare of tht 
perpendicular AO. 

For becaufe (by the above demonftraa* 
on) EB is to EC as EO is to EK, the red- 
angle contained between EK and EB is 

*i6£./.6. * equal to the re&angle contained between 
EC and EO. But becaufe the line EK is 
any how cut in B, the fquare of EK, tor 

1 7 A /. ** gether with the fquare of EB, is f, equal 
to twice the re&angle contained between 
EK and EB, together with the fquare of 
BK, that is 9 twice the rectangle, contained 

between EC and EO, together with the 

fquare 
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fqftare of AC. Bat the fqaare of AC fc 
* equal to the fern of the Iquares defcribed * 47 £. /. i. 
upon AO and OC ; therefore the rod 
(quotes defcribed Upon KE and EB are e- 
quai to twice the rectangle contained be- 
tween ECandEO, together with the two 
iquares described upon AO and OC. A- 
gain, because the line EC is any how cut 
in O, the iquare of EC, together with the 
(quare-of EO, is \ equal to twice the red- 1 7*- '•*• 
angle contained between EC and EO, to- 
gether with the {quare of OC; therefore 
the fum of the two fquares defcribed upon 
EKtndEB is equal to thefiun of the three 
{quarts defcribed upon the lines EC, EO 
and AO ; but becaufe D.C 16 equally cut 
hi E, and CK is added, the re&angle con- 
tained between DK and KC, together with 
the Iquare of EC, is \ equal to-, the fquare t^E. /.« 
of EK ; for the feme realbn the (quare of 
EG is equal to the rectangle contained be- 
tween FO and OB, together with the 
fquare of BE ; therefore the re&aftgle con- 
tained between DK and KC, together with 
. die two Iquares defcribed upon EC and 
BB» is equal to the re&angle contained 
between FO and OB, together with the 
three (quotes defcribed upon EC, EB and 

AO; 



i 



*• 
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AO ; take from both the fum of the two 
common fquares defcribed upon EC and 
EB, there will remain the re&angle con- 
tained between DK and KC, equal to the 
" redangle contained between FO and OB, 
together with the iquare of AO. 
. Therefore, If any point be taken* 8cc+ 
which was to be demonftrated. 

PROPOSITION V- 
Theorem V* 

If from any point in the periphery of 
an hyperbola, which is not the ver- 
tex of the tranfuerfe axis, a right 
line be drawn parallel to the fecond 
axis, and cutting tjhe tranfuerfe, the 
fquare of the tranfuerfe is to the 
fquare of the fecond axis, as the r eft- 
angle contained between^ the fegments 
of the tranfuerfe, intercepted be* 
tween its vertexes and the point 
. where the line drawn parallel to the 
N fecond axis cuts it, is to the fguare 
of the parallel line : But if the line 
drawn from the given point be per 
rallel to the tranfuerfe, and cutting 
the fecond axis, the fqujire of the fe- 
cond 



Book III. ElerHents of Cohic Se&tonL to I 

cond is to the fquare of the tranfverfe 

axis ; as the fum of the fquares of 

half the fecond axis, and that feg~ 

tnent of it, intercepted between the 

center and the line drawn, is to the - ** 

Jquate of the line drawn parallel .; 

to the tranfverfe axis, 

LE T AB be any hyperbola, C and D 
its foci, E the center, BF the tran£ , 
yerfe, and GH the fecond axis* and from 
the point A let AO be drawn parallel to * 

the fecond, and cutting the tranfverfe axis 
in O ; I fay, the fquare of the tranfverfe 
axis BF, is to the fquare of the fecond 
axis GH, as the re&angle contained 
between FO and OB, the fegments of 
the tfanfverfe axis, intercepted between 
the line drawn parallel to the fecond axis 
and its vertexes, is to the fquare of AO 
the line drawn parallel to the fecond axis. 
For join AC to the neareft focus, and 
make BK equal tt> AC ; 

Then becaufe DC is equally cut in Ey 
and CK is added, the fquare of EK is * e- * 6E. J.a 
qual to the re&angle contained between 
DK and KG, together wkh the fquare of 
EC ; for the fame reafon the fquare of EO 

C c is 
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is equal to the rectangle contained between 
FO and OB, together with the fquare of 
*+oftkis. EB. But as EB is to EC, fo * is EOto 
tw./f4 EK; by inverfion, as KE is to OE, fib 
E ' ' 5 * is EC to EB ; confequently the fquare of 
tzzE.l.e. KE is to the Iquare of Ofi, as $ the fquare 
of CE is to the fquare of BE; and fince 
the whole, viz. the lquare of KE, is to 
the whole, viz. the fquare of OE, as a 
part taken from the firft, viz. the iquarc 
of CE, is to a part taken from the feeond, 
♦ 19E. 1 5. viz. the iquare of BE ; therefore * the re- 
sidue, viz the redtangle contained be- 
tween DK and KC, is* to the refidue, w*. 
the re&angle contained between FO and 
OB, as the fquare of KE is to the fquare 
of EO ; confequently the fquare of CE is 
piE.i.s. to the fquare of BE, as f the re#angk 
contained between DK and KC, is to Ae 
re&angle contained between FO and Oft 
i6E. /.*. But the (quare of EC £ exceeds the Spare 
of BE, by the re#angle contained between 
FC and BC, and the redangte contained 
? Atftbu. between DK arid KC, * exceeds the red- 
angle contained between FO and Ob> ty 
the fquare of AO ; therefore by division 
1 \%ea. 5. it will be, f as the re&angle contained 

1 3 •fthu. between FC and CB, that is 9 the \ bp& 

of' 
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of GE is to the fquare of BE, fo is the 
fquare of AO to the re&angle contained 
between FO and OB ; and by inversion, 
* as the fquare of EB is to the fquare of *^-4- £• 
EG, fb is the rectangle contained between 
FO and OB, to the fquare of AO, qua- 
druple the firft ratio ; then will the fquare 
of BF the tranfverfe axis, be to the fquare 
of GH the fecond axis, as the re&angle 
contained between FO and OB, the feg- 
meats of the tranfverfe, intercepted be- 
tween its vertexes and the line drawn pa- 
rallel to the fecond axis, is to the fquare 
of AO that line drawn cutting it ; W. W. D, 

Again, if from the given point A, AP 
be drawn parallel to the tranfverfe axis 
FB, and cutting the fecond axis GH in P ; 
I fay, the fquare of the fecond axis GH 
will be to the fquare of the tranfverfe axis 
FB, as the fum of the two fquares of EG 
and EP, half the fecond axis, and its feg-* 
ment, intercepted between its center and 
the line drawn parallel to the tranfverfe a- 
xis, is to the fquare of AP, For through 
the point A draw AO f parallel to the f ioEJ ii 
fecond axis, and cutting the trapfverfe in 
0; 

Thea k&xpfc AO is parallel to PE, and 

Q Q \ AP 



io4 Elements of Conic Sections. Book III. 

AP to OE, the figure AOEP is a paral- 
Ti4£. /• i. lelogram, and AO is * equal to PE. But, 
by the above demonftratibn, the fqtiare of 
EB is to the fquare of GE, as the red- 
angle contained between FO and OB, is 
to the fquare of AO; and, by inversion, 
Jt#r.4/s. | t he fquare of GE is to the fquare of BE, 
as the fquare of AO ; that is, the fquare 
of PE is to the re6tangle contained be- 
tween FO and OB, and as one of the an- 
jtiaftM- tecedents, viz. the fquare of GE J is to 
one of the confequents, viz. the fquare 
of BE,fb are all the antecedents, viz. the 
fom of the fquares of GE and EP, to the 
film of all the confequents, viz. the fquare 
of EJ3, together with the re#angle con- 

2 f ft *?*• tained between FO and OB, that is, * the 

> 

fquare of EO or AP ; and by quadrupling 
the firft ratio it will be, as the fquare of 
GH is to the fquare of FB, fb is the film 
of the fquares of EG and EP to the fquare 
of AP. * 

Therefore, If from any foint in the 
periphery \ 8cc. which was to be demon* 
ftrated. 

fsor. i, Hence it follows, that if from 
two or more points in the periphery of 
ftny hyperbola, lines be drawn parallel 
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to the fecond, and cutting the tran£ 
vcrfe axis, the fquares of thefe lines arc 
to one another, as the rectangles con- * 
tained between the fegments of the trank 
verfe axis, intercepted between its ver- 
texes and thefe lines refpe&ively, be- 
caufe they all bear the fame proportion 
to one another, that the fquare of the 
tranfverfe bears to the fquare of the fe- 
cond axis. 
Cor. x. If from two or more points in the 
fame, or oppofite hyperbolas, right lines 
be drawn parallel to the tranfverfe, and 
cutting the fecond axis, the fquares of 
thefe parallel lines ire to one another, 
as the film of the fquares of half the fe- 
cond axis and its fegments, intercepted 
between the center and thefe refpedive 
- lines ; becaufe they are all in the fame 
ratio of the fquare of the fecond to the 
fquare of thfr tranfverfe axis. 
Cor. 3; The tranfverfe and fecond axes 
arc conjugate diameters : For let AL be 
terminated by the fame hyperbola AB 
in A and L, parallel to the fecond axis 
GH, and cut by the tranfverfe in F; 
then becaufe * the rectangle contain- * pm. jr; 

fd between DF %nd FB is to the fquare 

9 f 
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of AF, fo is the re&angle contained be- 
tween DF and FB to the fquare of FL; 

* 9 m. 1. 5. confequently the fquare of AF is * e- 

qual to the fquarte of FL, and the line 
AF equal to the line FL. After the fame 
manner may it be demonftrated, that 
any other line, terminated both ways 
by the fame hyperbola, and parallel to 
the fecond axis,, is bifeded by the tranf- 
verfe ; and if the line AC be terminated 
both ways by the oppofite hyperbolas, 
parallel to the tranfverfe, and cutting 
the fecond axis in K, then the fquare 
of EG, together with the fquare of EK, 

%tm.€$r. -j- is to the fquare of AK, as the fiun of 

the two fquares of EG and EK is to the 
. (quare of KC ; confequently the fquare 

i?E, 1 5, of KC is \ equal to the fquare of AK, 

arid the line KC equal to the line AK, 
After the fame manner may it be pro- 
ved, that any other line, termina- 
ted both ways by the oppofite hyper- 
bo las, parallel to the tranfverfe, is 
bife&ed by the fecond axis ; therefore 

* <&/. 7 •/ the tranfverfe and fecood axes arc * eon- 
tbn* jugate diameters. 

Or. 4. Any right line terminated both ways 
by the $mt PI pppoflt^ hyi^erboJas, 

mi 



u; 
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and bife&ed by one axis, is parallel to 
the other: For let AL be terminated 
both ways by the fame hyperbola, and 
bife&ed in< F by the tranfverfe axis, it 
will be parallel to the fecond axis ; for 
if not, let AN be drawn * parallel to * 3 1 e. i. u 
GH the fecond axis, catting the tranf 
verfe in M, and the lame hyperbola a* 
gain in N, and through N draw NO pa- 
rallel to the tranfverfe axis, Gutting the 
line AL in O ; therefore AN is | bifedt- \pu. wi 
ed in M, and as AM is to MN, \ foizB.i.6. 
is AF to FO ; consequently AF is equal 
to FO. But AF is equal to FL, there- 
fore FO is equal to FL, a part to the 
whole, which is abliird? therefore AL 
is parallel to the fecond axis GH. Af- 
ter the lame manner may it be dqmon- 
ftrated, that a line terminated by the 
oppofite hyperbolas, and bifedted by 
the fecond, is parallel to the traafVerfe 
axis. 
Cor. j. Right lines parallel to one axis, 
and cutting off from the other equal feg>- 
ments to the . center, are equal to one 
another ; and if they are pqual to each 
other,, and parallel to one axis, they 

cut 



1 
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cut off from the other, equal (egments 
to the center. 
Cor. 6. If through the focus of an hyper- 
bola an ordinate be drawn to the tranf- 
verfe axis, that ordinate is equal to the 
latus re&um of that axis : For let ST 
be drawn through the focus V, an ordi- 
. nate to the tranfVerfe axis BD ; then 
. becaufe the fquare of EB is to the fquare 
of EG, as the re&angle contained be- 
tween DV and VB, that is, the iquare 
* i of this, of GE is. * to the fquare of SV ; where- 
♦**£./.6. fore * as BE is to EG, fb is EGto SV; 

and by doubling all the terms in the pro- 
portion, as the tranfverfe axis BD is to 
the fecond axis GH, fb is the fecond, 
or conjugate axis GH, to the ordinate 
t def. ii ef ST ; coniequently ST is the f latus re* 
thu * dum of the tranfverfe axis. 

PROPOSITION VL 

T H EOREM VL 

If from any point a right line be drawn 

perpendicular to the tranfverfe axis, 

cutting it below its vertex, and if 

the fquare of the tranfverfe axis be 

to the fquare of the fecond axis, as 

the 



v 
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the reBangle contained between the 
fegments of the tranfverfe axis, in* 
tercepted between the perpendicular 
and its vertexes, is to the fquare of 
the* perpendicular, that point is a 
point in the periphery of the hyper- 
bola. Alfo if from the given point a 
right line be drawn perpendicular to\ 
the fecond axis, and if the fquare of 
the fecond axis be to the fquare of 
the tranfverfe axis, as the futn of 
the fquares defcribed upon half the 
• fecond axis and its fegtnent, inter- 
cepted between the center and per- 
pendicular, is to the fquare of the 
perpendicular, that point is a point 
in the periphery of one of the oppojite 
hyperbolas. 

LE T NB, DP, be two oppofite hyper- 
bolas, whole tranfverfe axis is BD, 
and fecond axis GH, and from any point, • 
as A, let AF be drawn perpendicular to 
the tranfverfe axis BD, cutting it below 
the vertex in F ; and if the fquare of DB 
be to the fquare of GH, as the redtangle 
contained between DF and FB is to the 
fquare of FA ; I fay, the point A is a point 

D d in 
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in the periphery of the hyperbola BN. For 
if A is not a point in the periphery of the 
* fr. dif. hyperbola BN, die hyperbola will * cut 
**'**• the Kne AF in feme other po«r, which, 
if poffible, let be Q. 

Then becaufe Q^ is a point in the peri- 
phery of the hyperbola, and from it QF 
is drawn parallel to the fecond axis, cat- 
ting the tranfverfe in F, the fquare of DB 
f 5 •/Ms. is f to the fquare of GH, as the redaagle 
contained between DF and FB is to the 
i hypeth. iquare of QF. But the fquare of DB J is 
to the fquare of GH, as the redangle con- 
tained between DFand FB is to the fquare 
«f FA ; therefore the re&aogle contained 
*n£./. 5 . between DF and FB * ia to the fquare of 
FA, as the fame re&angle contained be- 
tween DF and FB is to the fquare of QF; 
f 9£./.5. confequently the fquare of FA f is equal 
to the fquare of FQ, and the line FA e- 
qual to the line FQ, a part to tjbe whole, 
jyhich is abfinxl ; therefore the point A is 
a point in the periphery of tfce hypetbo* 
la BN. After tbe lame manner may it he 
demonflrated, that if ftom die point At 
AK be drawn perpendicular to the iecond 
axis, or, which is the fame thing, paral- 
lel to the tranfyerfe axis, and if the fquare 

of 
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*>f the fecond axis be to the fquare of the 
trahftrerfe axis, a9 the fem of the Iquares 
EG and EK is to the fquare of AK, the 
point A is in the periphery of otie of the 
foppofite hyperbolas. 

Therefore, If from any folnt y 8cc. 
which was to be demonftrated. 
Cor. Hence it follows * that a right line 
drawn from any point in the tranfverfe 
ax|s below its Vertex, cari cut the peri- 
phery of the hyperbola in no more than 
two points : For let FQ^bc drawn from 
the point F in the tranfvejfe axis below 
its vertex, perpendicular to it, which 
produce both ways, and let FA, FL, 
be taken 00 each fide of the axis, equal 
to each other, in fueh a manner, that 
the fqtiare of the tranfverfe axis 3D, is 
to the fquate of the fccond axis GH, 
as the re&angle contained between DF 
and FB, the fegmeuts of the tranfverfe 
axis, intercepted between its vertexes 
and the perpendicular, is to the fquare 
of FA or FL, the points A and L will 
be in the periphery of the hyperbola. 
Neither can the line cut it in any mor$ 
points than A arid L ; for, if poffible, 
let it cut it in a third point Q, then will 

D d x the 
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the re&angle contained between DF and 
*<*r.i.pr2 FB, be * to the fquare of AF, as the 
**** Um fame re&angle contained between DF 

and FB, is to the fquare of FQj there- 
1 9 *• '. 5- fore the fquare of FQ^is f equal to the 

fquare of FA, and the line FQ^ equal 

to the line FA, a part to the whole, 

which is abfurd. 

PROPOSITION VII. 
Theorem VII. 

If through any point in the periphery 
of an hyperbola i a right line be drawn 
parallel to the fecond axis* cutting 
both ajfymptotes, the rettangle con- 
tained between the fegrnents of that 
line \ intercepted between the aflym- 
p totes and that point , is equal to the 
fquare defer ibed upon half the fecond 
axis.. 

LE T AB be any hyperbola, C the cen- 
ter, BD the tranfverfe, and EF the 
fecond axis, CG and CH its aflymptotes, 
and from any point in it, as A, let AH 
be drawn parallel to EF, cutting the af- 
fymptotes in G and H ; I fay, the r<#- 

angfc 
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angle contained between GA and AH, is 
equal to the fquare of EC half the fecond 
axis. For let GH cut the axis in L, and 
through B, the vertex of the tranfverfe a- 
xis, draw BM * parallel to the fecond z-*3iE.l.i; 
xis, cutting the aflymptotes in M and N ; 
Then becaufe MN is drawn through the 
vertex of the tranlverfe, parallel to the fe- 
cond axis, cutting the aflymptotes in M 
and N, MB, BN, are t equal to one an-t<fr/.i*#/ 
other, and each equal to half the fecond 
axis EC ; and the two triangles CBM, 
CBN, are ^ fimilar and * equal, and for H E • *•«• 
the lame reaibn the triangles CLG, CLH, 4£ * 6 \ 
arc fimilar and equal, and GL equjd to 
LH ; therefore GH, the line intercepted 
between the aflymptotes, and parallel to 
the fecond, is bife&ed by the tranfverfe 
axis ; and becaufe the triangles CBM, CLG, 
i are equiangular, as CB is to BM, f fo is t 4^- ' •*• 
CL to LG ; confequently \ as the fquare j «.£./. 6* 
of CB is to the Iquare of BM, fo is the 
Iquare of CL to' the fquare of LG. But be- 
caufe A is a point in the periphery of the 
hyperbola, and from it AL is drawn cut- 
ting the tranfverfe, and parallel to the fe- 
cond axis, as the fquare of CB is to thq 
fquare of CE, or BM, which is equal to 

it. 
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♦ 5 */'«* it, * fo is the re#angle contained betweetf 
DL and LB, to the fquate of LA ; and a£ 
one of the antecedents is to one of the 

1 1* £./.*. confequents, f fo are all the antecedents 
to all the confequents ; that is, as the 
fquare of CB is to the (quare of BM, fo is 
the (quare of CB, together with the red> 
ahgle contained between DL and LB, that 
is, (becaufe the line DB is equally cut id 

i*i.f.:» C, and BL added to it) the $ fqtjareof 
CL to the fum of the (quares of BM and 
LA ; therefore as the (quare of CL is to 

?i i *.!.<. * the (quare of LG, (b is the feme (quare 
of CL to the fiim of the (quares defcribed 
upon BM or CE, and AL. But becaufe 
(jH is equally cut in L, and unequally 

1 «£. i.i. cut in A, the (quare of GL is f equal to 
the re&angle contained between GA and 
AH, together with the (quare of AL; 
wherefore the two (quares of EC and AL 
are equal to the re&angle contained be* 
tween GA and AH, together with th£ 
fquare of AL ; take away the common 
(quare of AL from both, and there will 
remain the (quare of EC half the fecdnd 
axis, equal to the re#angle contained be- 
tween GA and AH. 

Therefore, If from any foint in the 

feri- 
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periphery of an hyperbola* a right line 
fe drawn parallel to the fecond axis, 
tutting both asymptotes, the reft* 
angle contained between the fegments of 
that line, intercepted between the af 
jymptotes and that point, is equal to. 
the fquare defiribed upon half the fe% 
cond axis; winch was to be demopiba* 
ted. 

PROPOSITION VIII. 
Theorem VIII. 

ffany two points in the fame or oppo~ 
fite hyperbolas be joined with a right 
line* which produced both ways cuts 
the affymptotes, the rectangle con- 
tained between the fegments of that 
line, intercepted between, the ajfym- 
ptotes and one of the given points, is 
equal to the re&angle contained be- 
tween the fegments of the fame line, 
intercepted between the other given 
point and ajjymptotes ; alfo the feg- 
ments of the line intercepted between 
each given point and the near eft af. 
Jymptote, are equal to one another. 

LET 
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be drawn parallel to one another \ cut* 
ting the ajfymptotes, the reft angles 
contained between the fegments of 
thefe lines \ intercepted between the 
given points and the asymptotes , "will 
be equal to one another ; but if one 
of thefe two lines pafs through the 
center, that is, if it be a firfi, or 
tranfuerfe diameter, the diameter is 
bifetted in the center, and the reft* 
angle contained between the fegments 
of the other line, intercepted between 
the given point and affymptotes, will 
be equal to the fquare of Balf the 
tranfverfe diameter. 

LE T A and B be two points in the 
fame or oppofite hyperbolas, and 
through them the lines AC, BE, are drawn 
parallel to one another, and cutting the 
aflymptotes in the points C, D, E and F; 
I lay, the rectangle contained between AC 
and AD, the fegments of the line inter- 
cepted between the point A and the at 
fymptotes, is equal to the redfcmgle con- 
tained between BE and BF, the fegments 
of the other line intercepted between tho 
given point B and die aflymptotes. For 

through 
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through the points A and B draw the line9 
GH and LK, * parallel to the feconda- *zie.Iu 
xis 9 catting the aflymptotes in the points 
G, H, KandL; 

Then becaufe GA is parallel to BK,and 
AC to BE, the triangles GAC, BKE, are 
equiangular; and as GA is to BK, ^ fo is t*E. it\ 
AC to BE. But becaufe the lines GH and 
KL are parallel to the fecond axis, cut- 
ting the aflymptotes in the points G, H, 
K and L, the rectangle contained between 
G A and AH is equal to the re&anglc con- 
tained between KB and JBL, becaufe they 
are both \ equal to the fquare of half the j 7 of thin 
Jecond axis; therefore as GA is to KB, 
* fb is BL to AH ; confequently as AC is *i6 £./.<$; 
to BE, f fo is BL to AH. Again, bt- \he.i.%. 
caufe BL is parallel to AH, and AD to 
BF, the triangles ADH and BFL are \ e- U9E .1.1; 
quiangular, and as BL is to AH, * fb is * 42?, 1.&, 
BF to AD ; therefore as AC is to BE, fo 
isr BF to AD ; confequently the re&angle 
contained between AC and AD is f equal t itE.lt; 
to the re&aftgle contained between BE and 
BF. Again, if any of thefe lines, as AC, 
pals through the center O, cutting the op- 
polite hyperbola in M, the tranfverfe dia- 
meter AM is bife&ed in the center ; be« 
> • E e % caufe 
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caufe the points C and D, cutting the a£ 
fymptotes, and parallel to BF, coincide 
with the center, and the redangle con- 
tained between BE and BF will be equal 
to the redangle contained between AC 
and AD, that is the fquare of AD. For 
the fame reafbn, if BF cut the hyperbola 
in N 9 die redangle contained between 
NE and NF is equal to die fquare of MO* 
But the redangle contained between NE 
Olid NF is equal to the redangle contain- 
ed between BE and BF, (by the above ;) 
therefore the fquare of AO is equal to the 
fquare of MO, and the line AO equal to 
the line MO ; confequently the tranfverle 
diameter AM is bifeded in the center, and 
the redangle contained between BE and 
BF equal to the fquare of half the tranf 
ygrfe diameter drawn parallel to it. 

Therefore, If through any two points, 

&c. which was to be demonftrated. 

1 l fa ?■ t0 Qor. i. * If the lines CI) and EF cut the 

' fame or oppofite hyperbolas again in the 

points M and N, then will the red- 

gnglg contained between AC and CM, 

be equal to the redangle contained be* 

tween BE and EN, the fegments of the 

Jjne§ intercepted between djft>yp pgints 

wherQ 
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where they cut the lame or oppofite 
hyperbolas, and one of the aflymptotes ; 
becaufe CA is * equal to MD, there- * ?*/*#/; 
fore the re&angle contained between 
AC and CM, is equal to the re&angle 
.contained between AD and AC, that 
is, the rectangle contained between BE 
and FB ; and becaufe BE is equal to 
JRfcL the re&angle contained between 
BE and EN is equal to the re&angle 
contained between BE and BF ; there- 
fore # the re<5tangle contained between 
BE and EN is equal to the redrangl^ 
contained between AC and GM . 

Or. x. From hence it alio follows, that 
$ny tranfverfe diameter is lefs than a 
right line drawn parallel to it, and ter- • ' 

minated both ways by the oppofite hy- 
perbolas; becaufe the re&angle con- 
tained between BE and BF, that is, the 
re&aagle contained between BE and 
EN, is jpqual to the fquare of AO; 
therefore as BE is to AO, ^ lb is AO t*7*-*fl 
to EN ; and coniequendy BE and EN 
added together, that is BN, is f great- *m* *si 
cr than AM the tranfverfe diameter. . 

Cor. '3. If in the line BN, terminated both 
??ays by the oppofite hyperbolas, and 

parak 
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parallel to the tranfverie diameter AM, 
the points £ and F be taken in fuch a 
manner, that the re&angle contained 
between BE and EN, and between BF 
and FN, be equal to the fquare of AO 
. half the tranfyerfe diameter, the points 
£ and F are in the afiytriptotes ; ibr if 
from both there be taken the common 
re&angle contained between B£ % and 
FN, there will remain the redangle con* 
tained between BE md £F, equal to 
the re&angle contained between £F and 
FN; therefore BE is equal to FN; and 
if one of thefe points, «#, be not in 
the atfyraptotes, as E, let any other 
point, as P, be in it, then is FN eqnal 
* «>//«/, to BP. gut BB is * equal to FN, there- 
fore BE is equal to £P, a pftrt to the 
whole, which is abfard. 

PROPOSITION X. 
Theorem X. 

J f from any point in an hyperbola tw§ 
right lines be drawn, any how cut* 
ting both aflymptotes, and from any 
other foini in the Jime or oppofitehy* 
ferbolas, two right lines bo drawn 

faral* 



h 



i 



»s 



* Elements of Conk Seftions* tij 

>l to the former, and cutting 
fymptotes, the reftangle con- 
' between the firfi two lines if 
to the reft angle contained be- 
>. the laft two lines. Alfo if 
two points in the fame or oppo* 
Typerbolas, two right lines be 
?#, cutting the fame or both af 
rtotes , and parallel to the other 
vptote, the re&angles contained 
veen thefe lines and the fegments 
the ajjymptotes, intercepted be* 
en them and the center, are equal 
me another, 

T A and B be any two points ta- 
ken in the fame or opposite hyper- 
f and from the point A draw any 
ines, as AC and AD, cutting the at 
totes in C and D, and from the o- 
poinr B let the lines BE and BF be # 
jln parallel to AC and AD, cutting the 
foptotes in E and F ; I fay, the re<9:- 
fc contained between AC and AD is 
ftl to the redtangle contained between 
\and BF. For through the points A 
1 B draw the lines GH and KL * paral- * 3 1£. i. j} 
jsto the fecond axis, cutting the aflym- 

ptotes 



" 4 *"**"* * to™ S'&io* 
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^ c points fii JFM- Iter compkte t&e parallejo- 
nrfeGAisp ACMD **d BEMF; 
^ e trmfapti feecaofe AD is eqrctf to CM, and 
r; todistf ^^ 9 ^ *e&a»gte coatai»e4 be- 

For tic kn l &® *^ ^ * s ^ u ^ to ^ r€ ^~ \ 
ADH, a ;<x»t»inftd betwega ACajadCM, apd 

, j& £ ^e&angle contained between BE apd 
KLatfQ: <eq»al to the re&angle contained be- 

5. dc iaa 11 BF *"* FM - ^^ ky r ^ a ^ d ve 
rf 4# j .sanation, the re&angles contained 
^ fcjp/eea the lines AC apd AD* and die 
j^ni BE and BF, are equal to one ano- 
r ^ :* i confequently the teftaogle contain- 
[- .^X between AC and CM* is equal to the 
_ - jangle «)ittai*ied between BF and FM. 
JL_ Therefore* If from my point, &c 
" ich was to be demondirated. 

r. -i. fiecaufe the redtangles contained 

between AC and CM, and BF and FM* 
r*T are equal to one anotfber, as AC is to 
* r /j BF, * fo is FM to CM ; and the pai*!- u*b.lk 
\~ ~" felograms ACMD and BFME are equi- 
~~ angular, therefore they are f equal to \heJ.6} 
"V~ one another, „ ■ 
j~ ^or: %. If from ^ny poiftt in the periphe- 
^ ry of one of the conjugate hyperbolas, . 
- *~ a right line be drawn parallel to o*ie of 
=5> the aflymptqtes* and cutting the other, ^ 

F f and 
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ptotes in the points G, H, K and L; 

Then becaufeGA is parallel to KB,- and 

AC to BE, the triangles GAC, KBE, arc 

T^B.li. * equiangular; and as GA is to KB, Ibis 
AC tt> BE. For the fatoe 1 realbn the tri- 
angles BFL, ADH, are fiftrikav and as 
BL is to AH, fo is BF to AD. But be- 
caufe the lines KL and GH are parallel to 
the fecond axie; the re&angjte contained 

f fiftbis. between GA and AH is f equal to the 
rectangle contained between KB andBL; 

%x*E.i.6. therefore as GA is to KB, ± fo is BLto 

♦11JE./.5. AH; confequently is AC is to BE, *(o 
is BF to AD ; wherefore the redangle 

titE.l.6. contained between AC and AD is f equal 
to the re&angle contained between BE? 
and BF. 

. Again ? if A and B be two points in the' 
feme or oppofite hyperbolas, and from 
them the lines AC, BE or BF, are drawn, 
• cutting the fame of both' aflymptotes, and 
parallel to the other aflymptote; I 6y> 
the re&angle contained between AC the 
line drawn parallel to the aflymptote, and 
- CM the fegment of the aflymptote, inter- 
cepted between the line and center, is * 
qjxal to the rectangle contained between 

BF 
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Bf and JM . For complete tfce parallelo- 
grams ACMD and BEMFj 

Then becaafe AD is equal to CM, and 
BE to MF, the re&angle coat«8ed be- 
tween Ai> and AC is equal to tjie r&St- ^ 
angle .contained between AC and CM, apd 
die re&angle contained between IjJE ^nd 
BF is equal to the re&angle contained be- 
tween BF and FM. But, by the above 
demonstration, the re&angles contained 
between the lines AC and AD, and the 
lines BE and BF, axe equal to one ano- 
ther ; consequently the te&angle contain- 
ed between AC and CM, is equal to the 
te&angle contained between BF and FM. 

Therefore, If from any pint, &c 
which was to be demonstrated. 
Cor. x. Becaufe the redtangles contained 
between AC and CM, and BF and FM, 
are equal to one another, as AC is to 
BF, * fo is FM to CM ; and the paral- 'u *.!,.« 
klograms ACMD and BFME are equi- 
angular, therefore they are f equal to \i\EA.*i 
one another, m 
Cor. %. If irom any poittt in the periphe- 
ry of one of the conjugate hypetholas, . 
a right line be drawn parallel to ope of 
the aflymptoces, and cutting the other, . 

F f and 
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and, from a point in one of the adja- 
cent hyperbolas, a line be drawn pa- 
rallel to either aflymptote, and catting 
the other, the re&angle contained be- 
* tween thefe lines and the fegments of 

the aflymptotes, interested between 
them and the center, are equal to one 
another. For let AB, DE, FG andHK, 
be conjugate hyperbolas, their center 
C, and their aflymptotes MC and CL, 
and from the point B, in the hyperbo- 
la AB, let BM be drawn parallel to the 
aflymptote CL, cutting the other inM, 
and from G, a point in the periphery 
of the adjacent hyperbola, let GN be 
drawn parallel to the aflymptote CL, 
and cutting the other in N, the red- 
angle contained between BM and MC 
is equal to the redangle contained be- 
tween GN and NC. For let AD, FH, 
be the two axes of the conjugate hy- 

* cor. def. perbolas* and join FA, which is * pa- 

lz $f,his - rallel to the aflymptote CL, and which 

cuts the aflymptote CM in Q, and 

t3 1 e. 1. 1. through A draw AO f parallel to FH, 

cutting the aflymptotes in, O and 

tdef. a of L; then becaufe AO is ^parallel and 

equal to FC, therefore the triangles 

FQC, 



! 
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FQC, AQO, are fimikr and equal, 
and FQ^ equal to QA ; wherefore the 
re&angle contained between FQ^ and 
QC, is equal to the re&angle contain- 
ed between AQ^and QC ; but tho redk 
angle contained between AQ^and QC, 
is * equal to the redfcarigle contained be- * pr«. /rj 
tween BM and MC. For the fame rea- 
fon there&aftgle contained between FQ^ 
; and QC, is equal «to the re&angle con- 
tained between GN and NC ; confe- 
quently the rectangle contained between 
GN and NC, is equal to the redtahglq 
contained between BM and MC, 

PROPOSITION XI, 
Theorem XI. 

Any right line drawn through the cen« 
ter of an hyperbola* within the angles 
contained between its djfympotes fro.* 
duced, will meet the hy^erboh. 

LET AB be any hyperbola, C its cer*. 
ter, CD and CE the aflymptotes, an4 , 
GA the tranfverfe axis, and through the 
center CletFC be drawn within the angle 
DCE, contained between the. aflymptotes^ 
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I fey, the kne CF produced wtil meet the 
*$i EJ.it hyperbola. For through A draw AD * pa- 
rallel to the fecond a*is, cutting the of 
fymptotes in D and E, and the line CF 
in L, .and draw AF parallel to CD y 
. Then becaufe the two angles FCG, FC A, 
are equal to two right angles, wherefore 
the two angles DCG, FCA, &t leis than 
two right angles; but the ingle FACis 
iz$E J i. f equal to DCG, therefore the two angles 
FAC, FCA, 3rd lefs than two right angles ; 
confequetitly the two lines CF and FA 
produced will meet, which let be in the 
point F, the poifct F will b6 between the 
periphery of the hyperbola and its axis ; 
for, if not, it will either be in the peri* 
phery or without it. 

Firft, it cannot be in the periphery: 
For through F draw HK parallel to DE, 
cutting the aflymptotes in H and K ; then 
becaufe DA is parallel to HF f and HD to 
AF, the figure AD HF is a parallelogram, 
and DA is equal to HF, But the redtangle 
$7 if this, contained between FJF and FK, is' X equal 
to the, rectangle contained between DA 
and AE ; wherefore FK is equal to AE. 
But FK is greater than LE, b t eatofe of the 

fjmilar triangles qj^ QFKi wherefore 
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* *#r. def 
5 of this. 



AE is greater than LE, a part greater than 
the whofe, whidt i$ ak&rd ; therefore the 
point F is* not ia the periphery of the hy- 
perbola. 

Neither can F be without the periphe- 
ry; for* if it be, the line HF, parallel 
to DA, that is, perpendicular to the rran£ 
verfe axis below its vertex, will cut the 
* periphery, which let be ki M; then is 
HK greater than HF, that is DA, ^nd 
MK greater thaa AE ; therefore the rect- 
angle con*aine*l between- HM and MK* 
is greater thap the re&aagle containe4 be- 
tween DA and AE; and they are alio f o- \ 7 of this, 
quftl to one another, which is abfurd; 
therefore' the point F is between the axis 
and the periphery . But Q is .without the 
periphery, cofrfeqttently the line CF pro- 
duced cuts tJKr periphery of the hyper- 
bola, ... 

Therefore, Any right line drawn 
tbra&gh the tenter of an hyperbola^ 
within thf an file contained between 
its asymptotes produced^ will meet the 
hjiperkokj which was to be denjonftr^ 



PRO- 



L 
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PROPOSITION XII, 
Theorem XII, 

If from any point in one of the asym- 
ptotes of an hyperbola, which is not 
the center \ a line be drawn parallel 
to the other ajfymptote, that line pro- 
duced will meet the hyperbola in one 
point only (a). 

E T CN, CO, be the aflymptotes of 
any hyperbola, and P any point ta- 
ken in one of them, which is not the cen- 
ter, and from P let PQ^ be drawn parallel 
to the other affymptote CO ; I fay, P(£ 
produced will cut the hyperbola in one 
point only. For take any point, as R, 
in the periphery of the hyperbola, and 
-from R draw the lines RN and RS, each 

**ijr.J.i. * parallel to one of the aflymptotes CO 
and ON, and cutting the other in 1^ and 

fizf./.6. 5. find a f fourth proportional to the 
three lines CP, NR and RS, which lee 
be PQ, join the line CQ, the point <£ 
will be in the periphery of the hyperbola ; 



(a) This prop, is the 13th of d* tjpcpqd bqok of 4E2 
pllonius P*rf4us'$ CQJiif f. 
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for, if not, it muft either be without it 
or within it ; and firft, if poffible, let it 
be without it, then the line CQ^will * cut *u$f$bu r 
the periphery, which let be in T, and 
through T draw TV parallel to the aflym- 
ptoteCO,and cutting the other, CN, inV. 
Then becaufe TV and RS are drawn 
from the points T and R in the periphe- 
ry of the fame hyperbola, parallel to the 
aflymptotes, the re&angle contained be- 
between TV and VC, is f equal to the t"> </>*«• 
re&angle contained between RS and SC, 
or NR, which is equal to SC, But becauie 
PC is to NR, as RS is to PQ, the red:- 
angle contained between PC and PQ, is 
\ equal to there&angle contained between \tei,L€; 
NR and RS ; confequently the redrangle 
contained between PC and PQ, is equal 
to the re&angle contained between CV 
and VT. But VC is greater than PC, and 
VT is greater than PQ^; therefore the 
ie&angle contained between CV and VT, 
is greater than the re&angle contained be- 
tween PC and PQj but before it was pro- 
ved equal to it, which is abiurd; there- 
fore the point Q^ is not without the peri- 
phery of the hyperbola. And after the 
lame manner may it be demonftrated, that 

the 
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die point Q^ is not within the hyperbola ; 
confequendy the line P<3^ meets the hy- 
. peibola in Qj neither can it meet it in a* 
ny other point ; for, if pofiiHe, let it be 
in X, and throwgh X draw XO parallel 
to the aflymptote NC, and cutting the o- 
dier aflymptote CO in 0% daen wifl the 
re&angte contained between XO aad QQ 
? to of this, be * equal to the re<SUogle contained be- 
tween QP and PC, a part to the whole, 
which is abfiird ; cohfequently die line 
QP cannot cut the periphery of the hy- 
perbola in any other point than Q. 

Therefore, If from any feint in one 
of the ajfymptotesof anhyperbola^ which 
is not the tenter \ a tine be drawn pa- 
rallel to the other asymptote, that lint 
produced <wiil meet the hyperbola in *ne 
point only y which was to be demonftra- 
ted. 

Cor. i. From the above demonfttation it 
follows, that if from any point in one 
of theaflymptotes, a right line be drawn 
parallel to the .other, and any point ta- 
ken in that line ; and if the re&angle 
contained between the iegments of the 
line, intercepted between the given point 
and aflymptote, and the fegment of the 

aflym- 
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aflymptote, intercepted between it and 
the center, be either greater, equal to* 
or Ids than the redangle contained be- 
tween a line drawn from any point in 
the periphery of the hyperbola, paral- 
lel to one aflymptote, and cutting the 
other, and the fegment of the other at 4 

fymptote, intercepted between the cut- 
ting line and center; in the firft cafe 
the point is within the periphery, in 
the fecond it is in it, and in the third 
cafe it is without the periphery. 

Or. x. From hence it alfo follows, that 
any right line drawn from the center, 
within the angle contained between the 
afiymptotes, cuts the periphery of the 
hyperbola in one point only ; for if CQL 
cuts it in any other point, as T, the 
redtangle contained between TV and 
VC would be equal to the re&angle 
contained between QP and PC, which 
is proved to be abfiird. 

Cor. 3 . If any right line cut the lame or 

oppofite hyperbolas in two points, it 

will cut both the aflymptotes ; for if it 

be parallel to any one of them, it will 

cut the fame or, oppofite hyperbolas m 

one point only* 

G g Or, 
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Cor. 4. If from lay pome in the periphe- 
ry of one of the conjugate byperibdbs, 
a fine be drawn parallel to one of the 
aflymptotes* and cutting the other ; and 
if a point be taken within the angle con- 
tained between the aflymptotes of one 
♦ of the hyperbolas, adjacent to the firft 

mentioned one, and from it a line 
be drawn parallel to one asymptote, 
and cutting the other; and if the red- 
angle contained between thefe lines and 
their refpe&ive fegments of the asym- 
ptotes, intercepted between the center 
and them; be equal to one another, that 
point is a point in the adjacent hyper- 
bola. Let B be a point in the hyper- 
bola AB, and G a point aflomed with- 
in the angle MCP, contained between 
the aflymptotes of the hyperbola F&, 
adjacent to AB, and let the re&angle 
contained between BM and MC, be e» 
qual to the rectangle contained between 
GN and 'NC, G will be a point in the 
periphery of the hyperbola FR: For 
let the confbudion be the fame as in 
cor. %. prop. 10 of this; then becaufe 
the re&angle contained between AQ 
aad QC, is equal to the rc&angle con- 
tained 
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caused between FQarid <|C, and the red:* 
angle contained bdtween AQ^aod QC, is 
* equal to the re&angle concerned between* *° of this. 
<5N and NC ; therefore the re&anglc cbn- 
Tamed between FQ-awl QC, is equal to 
the re&angle contained between GN and 
NC; confequently <J is a t point in the ff • « V 
t^criphery of one of the hyp^bolas adja- .'* * 
ce»t to AB. 

proposition xin. 

Theoh :e m XIII. 

The difiance between an hyperbola and 
its ajfymptotes, infinitely produced, 
continually decreafes, and will be left . 
than any given difiance, but willne* 
<ver meet. 



LE T AB be any hyperbola, C its cen- 
ter, and CD, CE, its aflymptotes; 
t fay, if the hyperbola AB, with its a£ 
fymptotes CD, CE, be infinitely produ- 
ced, »fheir difiance from each other wifl 
continually decreaie, and will be lefs than 
tiny given xiiftance H, but will never meet, 
for through the points A and B draw the 
lines AE, £6, parallel to one another, 

Q g * and 
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and cutting both aflymptotes in the points 

D, E, F and G, and join AC, which 
produced cuts FG in K ; 

Then becaufe the lines DE and FG are 
drawn from the points in the periphery 
of the fame hyperbola, parallel to one an- 
other, and cutting the Aflymptotes in D, 

E, F and G, the re&angle contained be- 
*wfthis. tween DA and AE, is * equal to the re<9> 

angle contained between FB and BG ; 
\itfi,i,6, wherefore as GB is to EA, f ib is AD to 
BF ; but becaufe of the flmilar triangles 
KCG and ACE, KG is greater than AE, 
and BG is greater than KG ; therefore BG 
is much greater than AE, wherefore DA 
is greater than BF. After the fame man* 
ner may it be demonftrated, that the di- 
fiance between the hyperbola and its at 
fymptotes, if produced, will be lefe than 
BF ; therefore the diftajice between the 
hyperbola and its aflymptotes continually 
jlecreafes. Again, if DL be taken fmaller 
than the given diftance H, and through 
*"*.'•»• L, LM be drawn f parallel to CD, that 
twfthis, line LM produced will * meet the peri* 
phery of the hyperbola, which let be in 
M, and through M draw MN parallel to 

AE, cutting the aflymptotes in N and O ; 

then 
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then becaufe MO is parallel to DL, and 
DO to LM, the figure DLMO is a pa* 
rallelogram, and MO is equal to DL; 
that is, MO, the diftance between the pe- 
riphery of the hyperbola, at the point M 
and the aflymptote AD, is Ids than the 
given diftance H. 

Alfo I fay, the aflymptote and hyper- 
bola never can meet ; for, if poflible, let 
them meet in P, and let Q_ be the vertex 
of the tranfverfe axis, and from Q^and P, 
the lines QR and PS are drawn parallel 
to the fecond axis, let PS cut the tranf- 
verfe axis in S, and let T be the other 
vertex of the tranfverfe axis ; then becaufe 
of the fimilar triangles CQR, CSP, as 
CQ_ is to QR, * fo is CS to SP ; where- * 4 *. U. 
fore as the fquare of CQ^ is to the fquaje 
of QR, that is, f half the fecond axis, fb t'tf "«f 
is the fquare of CS to the fquare of SP. 
But as the fquare of QR is to the fquare 
of QC, J fb is the re&angle contained i s •fthu; 
between QS and ST, to the fquare of SP ; 
therefore as the fquare of CS is to the 
fquare of SP, * fb is the re&angle con- *n£.f.s. 
tained between QS and ST, to the fquare 
of the feme line SP ; confequently the re&- 

apgle contained between QS and ST, is 

f equal 



238 Elements of Conic Se&hm. Book III, 

* 9 el 5- * equal to the fqnare of CS, apart to the 
whole, which is abford ; whdrefore tic 
periphery of the hyperbola and its asym- 
ptotes do not meet in the point P. And 
after die lame manner may it be dcmon- 
ftrated, that they cannot meet in any o- 
ther point. 

Therefore, The diftance between an 
hyperbola and its affymp totes, infinite- 
ly produced* continually decreafes, ami 
will be lefs than any given diftance ; hnt 
will never meet ; which was to be de- 
monftrated {a). 

PROPOSITION XIV. 

Theorem XIV. 

\ If from any point in the periphery of 
an hyperbola, a right line be drawn 
cutting both theajfymptotes, and from 
either of thefe points of interferon 
a part be cut off, equal to the ftg* 
tnent of the line intercepted between 
the given point and the other ajffym-* 
ptote % in fitch 4 manner , (hat (h* ex* 



(4) This prop, is the 14th of the ftcoad book of Jl- 

fpXUnius P*r;*»*'s Copies., ^nd CUndi^ &jcli4rfys*$ *ft 

' c$r. to ttuit prop, ... ^ 

4tk &*&<**+ 4«*Uptc** . 
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tremity of the line cut off and the gu 
veu pint, are either both within, or 
hath without the ajjymptotes ; in the 
firfi cafe that other point will be in 
the periphery of the fame hyperbola 
with the fit l fi given point ', and in the 
loft cafe it will be in the periphery 
• of its oppojite hyperbola. 

LET A be any point in the periphery 
of an hyperbola, £ the center, and 
Elk EC, the aifymptotes, and from A 
1# AC he drawn cutting both the asym- 
ptotes in B and C ; and if from either of 
thefe points, as C, CD be cut off equal 
to AB, fo as the points A and D are ei- 
ther both within or both without the a£ 
fymptotes; in the firft cafe, I lay, the 
point D is in the periphery of the fame 
hyperbola with the given point A, and in 
the laft cafe it is in the oppofite hyperbo- 
la. For through the points A and D draw 
the lines AF and I>G * parallel to the a£ * 3 je. 1. n 
fymptote EC, and cutting the other at 
fy raptote EB in F and G ; 

Then becaufe DG is parallel to EC, as 
DC is to GE, f fo is BD to BG, and as \ % e. i.e. 
&D is to BG, ^ fb is BA to BF ; where- * acr4 *, 

fore ** 6 * 
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fore as DC is to GE, fo is BA to BF. Bat 

.*h£.J.s. DC is equal to BA, therefore GE is * e- 
qual to BF, confequently BG is equal to 
FE ; and becaufe the triangles BFA, BGD, 

|4£. i-*\ are equiangular, as AF is to DG, f fo is 
BF to BG. But BF is proved equal to GE, 
and BG to FE; wherefore as AF is to 
DG, fo is GE to EF, confequently the 
re&angle contained between GD and GE, 

t%6E.i.6. j S j C q Ua i to t h e re&angle contained: be- 
tween AF and FE ; and the point A is in 
the periphery of the hyperbola, which has 
the lines EB and EC for its aflymptotes, 

*" r - *-/ r * confequently the point D is * in the peri- 
phery of the hyperbola, which has the 
fame right lines for their aflymptotes. 

Therefore, If from any point in the 
periphery of an hyperbola, a right line 
be drawn cutting both the asymptotes, 
and from either of thefe points of in» 
terfeclion a part be cut off, equal U 
the fegment of the line intercepted be- 
tween the given point and the other af 
fymptote, in fuch a manner, that the 
extremity of the line cut off and the gi- 
ven point, are either both within or both 
without the affymptotes ; in the firfi 
cafe that point will be in the periphe- 
ry 



. 
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ry of the fame hyperbola with the firft 
given point 1 and in the lafi cafe it will 
be in the periphery of the oppofite hy- 
perbola* which was to be demonftrated: 

PROPOSITION XV, 
Theorem XV. 

If the adjacent asymptotes of two oppo- 
fite hyperbolas be cut with a right 
line, that line will cut each of the 
oppofite hyperbolas in one point only. 

LE T the line CB cut the adjacent at 
fymptotes EB, EC, of two oppofite 
hyperbolas, in the points C and B ; I fay, 
the line CB will cut the periphery of thefe . 
oppofite hyperbolas in one point ohly. 
For let H be any point taken in one of 
the hyperbolas, and from H4et HK be * 
drawn * parallel to BC, cutting both the * 3 1 ex u 
afiymptotes in K and L, and with the line 
BC conftitute a f rectangle, equal to thet*9*./« 
redangle contained between KH and HL, 
exceeded in figure by a fquare, which let 
be upon BA or CD, the points A and D 
will be in the periphery of the oppofite 
hyperbolas. For through the points A 

H h and 
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and H draw the lines AF, AO, HM, HN, 
parallel to the aflymptotes ; 

Then becaufe FA is parallel to HM, 

and AB to HK, the triangles FAB, HMK, 

*i9^./. i. are * equiangular; and as FA is to HM, 

1 4 £. U. J fo is AB to HK. But becaufe the refr 

angle contained between C A and AB is e- 

qual to the redtangle contained , between 

*i6£./.6.KH and HL, as AB is to HK, $ fo isHL 

to AC ; and becaufe of the equiangular 

triangles ACO, HLN, as HL is to AC, 

fo is HN to AO ; wherefore as FA is to 

*"£.M.HM,* fo is HN to AO; confequently 

the redangle contained between AF and 

AO, is equal to the re&angle contained 

between HM and HN ; wherefore the 

fw.ijf point A is f a point in the periphery of 

»> </ this. ^ hype^ia^ w hich has the lines EB and 

EC for its aflymptotes. After the fame 
manner may It be demonstrated, that the 
point D is in the periphery of the oppo- 
site hyperbola, neither can BC cut the hy- 
perbolas in any other point than A ; for 
if it were fuppofed to cut it in another 
point, then would a re&angle contained 
between two lines, each greater or finallcr 
than FA and AO, reipe&ively be equal to % 

the 
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the refhngle contained between FA and 
AO, which is abfufd. 

Therefore, If the adjacent aj^/mptotes 
of two oppofite hyperbolas be 6ut with„ 
a right line, that line will cut each of 
the oppofite hyperbolas, in one point on- 
ly S which was to be demoaftrated. '. 

PROPOSITION XVI. 
Theorem XVI. 

Any right line drawn through the cen- 
ter, within the angle contained be- 
tween the adjacent ajfytnptotes ofop- 
jpofite hyperbolas, is a (econd diame- 
ter. 

LET CA, CB, be the aflymptotes of 
any hyperbola,, and through the. cen- 
ter C let the right line CF be drawa with- 
in the angle ACD, which is contained be- 
tween the adjacent aflymptotes AC, CD ; 
I %• , the right line CF is a fecond dia- 
meter., For take any point in the aflym- 
ptote CD, as G, and through G draw GH 
♦parallel to the aflymptote CA, cutting * 3 iE.l,n 
the line CF in H, and make GD equal to 
OC ; join DH, which produced cuts the 

Hhi aflym. 
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aflymptote CA in A, the line DA will 

*ii$fthis> * cut the two oppofite hyperbolas, which 
let be in the points K and L ; 

Then becaufe GH is parallel to AC, as 

f i*. le DG is to GC, f fo is DH to HA. But 
DG is equal to GC, therefore DH is e- 

* ttfthU. qual to HA, and DL is * equal to AK; 
wherefore LH is equal to HK, confe- 

t Af. 4 of quendy FC is a % fecond diameter. 

Therefore, Any right line drawn 
through the center, within the angle 
contained between tjpe adjacent ajfym- 
ptotes of oppofite hyperbolas, is a fecond 
diameter ; which was to be demonftrated. 

PROPOSITION XVII. 
Theorem XVII. 

If any right line, terminated both ways 
by the ajfymptotes, and meeting the 
hyperbola, be bifetted in the point of 
contaB, it is a tangent to the hyper- 
bo la ; and if it be a tangent to the 
hyperbola* and terminated, both ways 
by the ajfymptotes, it is bifettei in 
the point of contaff. 

LET 




ooklll. Elements of Conic SeBions^ £45 

LE T CA, CB, be the aflymptotes of 
any hyperbola, and AB a right line 
terminated both ways by them, and meet- 
ing the hyperbola in D j and if AD be e- 
qual to BD, I lay, the line AB is a tan- 
gent to the hyperbola. For through D 
draw DE * parallel to the aflymptote CB, *3 u.i.11 
and cutting the other in E, and through 
any other point in the line AB, as H, 
draw FH parallel to the aflymptote CB, 
and cutting the other in F ; 

Then becaufe DE is parallel to BC, as 
AE is to EC, f fo is AD to DB; and ARf **< 1*: 
is bife&ed in D, AC will be bifefted in E ; 
and becaufe' DE is parallel to HF, the tri- 
angles ADE, AHF, are equiangular, and 
as DE is to EA, $ fo is HF to AF. But } 4 £. le: 
the re&angle contained between DE and 
EC, * is to the re&angle contained be- * 1 e. 1. 6i 
tween AE and EC, as DE is to AE ; that 
is, as HF is to AF, and the redtangle con- 
tained between HF and FC, is to the red- 
angle contained between AF and FC, as 
HF is to AF ; therefore as the redfcangle 
contained between DE and EC, is to the 
re&angle contained between AE and EC, 
t fo is the redtangle contained between fuH. 1.53 
HF and FC, to the re&angle contained 

be* 
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twcen AF and FC. Bto becaofe AC is e- 
quaHy cut in K, and unequally in F, the 
rectangle contained between AE and EC, 
?$£.}.*. that is, the fqoare of AE, is * greater than 
die rectangle contained between AF and 
FC ? wherefore the rectangle contained be- 
tween DE and EC, is greater than the 
rectangle contained between HF and FC; 
* c ^v , / r - confequently the! point H is f wkhout the 
' periphery of die hyperbola. After the fame 
manner may it be demonibated, that any 
ethef point in the line AB is without the 
periphery of the hyperbola; therefore die 
*<*£»<flrae AB is a % tangent to the hyperbola j 
• W.W. D. 

. Again, if AB be a tangent to the hy* 
pefbola, and terminated by the aflymptotes 
in A And B, I fay, the line AB is bife&ed 
in the point of contact D j for, if not, fct 
BQ, if poffible, be a part of the greater 
BD, equal to the fmaller AD) then be- 
becaufe AD is equal to GB\ and D is a 
point in the periphery df the hyperbola ) 
Tivfthb. wherefore G is alfo a * point in the p€fi* 
pheryof the hyperbola; confequendy the 
tangent AB touches the periphery of the 
hyperbola in more points than dne* which 
is abfurd. 

• » 

There* 
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Therefore, If any right line, termi- 
nated both ways by the asymptotes, and 
touching thg hyperbola, be bife£led in 
the point of contaft, it is a tangent to 
the hyperbola; and if it be a tangent to 
the hyperbola f and terminapedfath "ways 
hy the ajfymptotes, it is bifefted ip the 
jpoint of contatt >• which was to be de* 
jncmftrated. 

Cor. 1. From hence it follows, that from 
ooe point no wore than ojpe tangent 
can be drawn to an hyperbola : For 
from the point D let AB be drapn a 
tangent to the hyperbola, and cuttiqg 
the aflytnptotes in A and B, no other 
line can be drawn from the point D a 
tangent to the hyperbola; for, if po£ 
fible, let KDL be drawn from the point 
D a tangent, cutting the aflymptotes in 
K and L, and from D draw DE paral- 
lel to the aflymptote CB, and cutting 
the other in E ; then becaufe AB is a 
tangent, AD is * equal to DB. But as ^thhfr: 
AD is to DB, fp f is AE to EC ; there- f *e. /.«. 
fore AE is equal to EC ; and for the 
lame reafbn, becaule KL is a tangent, 
KE is equal to EC ; therefore AE is e- 
qual to KE,a part to the whole, which 
is abfurd. Cor. 
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Car. x. From hence it is evident how to 
draw a tangent to an hyperbola from 
any point in its periphery, the aflym- 
ptotes being given. 

PROPOSITION XVIII. 
Theorem XVIII. 

Right lines drawn from the vertexes 
of a tranfverfe diameter^ tangents 
to the oppojite hyperbolas % are paral- 
lel to one another. 



L 



ET CA, CB, be the aflymptotes of 
any hyperbola, and from M and N, 
the vertexes of the tranfverfe diameter MN, 
let the tangents OP and QE be drawn, 
cutting the aflymptotes in the points 0, 
P, Q^ and E ; I fay, the tangent OP is 
parallel to the tangent QE. For from N 
tuE.li. and M draw NR and MS * parallel to the 
aflymptote CB, and cutting the other in 
R and S; 

Then becaufe NR is parallel to CO, as 

i %e. i.e. PN is to NO, f fo is PR to RC. But PN 

\170ftbis. is \ equal to NO, wheref^pre PR is equal 

to RC ; for the fame reafbn CS is equal 

* 

to SE. Again, becaufe NR is parallel to 

MS, 
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MS, the triangles CRN and CMS are e- 
quiangular, and as CN is to CM, * fb is **z- 1 *• 
CR to CS, and fo is CP to CE ; where- 
fore the triangles CPN and CME are f fi- 1 6£ - ''« 
milar, and the angle CEM equal to the 
angle CPN ; confeqnently the tahgent PO 
is £ parallel to the tangent QE. \mx t\ 

Therefore, Right tines drawn through 
the vertexes of a tranfuefje diameter, 
tangents to: the oppojite hyperbola, are 
parallel to one another j which was to 
be demonftrated; 

Cor. From hence it follows, that if any 
right line be drawn parallel to any tan-. 
&ent, and produced until it cut the aflym- 
ptotes, the iqtiare of half the tangent is 
equal to a redangle contained between 
the fegments of the line, intercepted 
between any one of the points where 
it cuts the periphery of the hyperbola* 
and the aflymptotes ; for that re&angle 
is * equal to the re&angle contained be* * t ofthUi 
tween the fegments of the tangent, in- 
tercepted between the point of contadU 
and the aflymptotes, that is, the fquare 
of half the tangent. 

1 

I i PRO- 



1 

i. 



\ 
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PROPOSITION XIX- 
Problem I. 

An hyperbola and Us asymptotes being 
given, to draw a right line which 
will be a tangent to the hyperbola, 
and parallel to a given right line, 
which cuts both the asymptotes of the 
fame or oppofite hyperbolas. 

ET DE be any hypeibola, and CA 
and CB its aflymptotes, and FG a gi- 
ven right line, catting the aflymptotes in 
F and G ; it is required to draw a tangent 
to the hyperbola DE, parallel to the right 
line FG. Bifed: the line FG in the point 
H, join HC to the center, and from any 
point, as E, in the periphery of the hy- 

*3iE. 1. 1. perbola, draw EL * parallel to HC, cut* 
ting the aflymptotes in K and L, and find 

ji 3 £j.6. a f mean proportional between LE and 
EK, which let be CD, in the line CH 
produced ; then facade LE is to CD, as 
CD is to EK, the re&angie contained be- 

i \ 7 ea 6. tween LE and EK, is $ equal to theiqoare 
of CD ; and E is a point in the periphery 
of the hyperbola, wherefore D is alio a 

1 9 of this. * point in the periphery of the hyperbo- 
la. 
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la. Through D draw the line ADM pa- 

rallcl to FG, cutting the aflymptotes in^F A sen 

and G ; 

Then becaufe AM is parallel to FG, the 
triangles FHC, DCM, are equiangular, 
and for the lame reaion the triangles ADC 
and HCG are equiangular ; wherefore as 
HC is to CD, * fo is HF to DM, and fo ' 4* u. 
is HG to AD ; confequently as HF is to 
DM, f fo is HG to AD. But HG is e- t"*U 
qual to HF, wherefore AD is J equal to *h*.'.5, 
DM; therefore the line AM is a * tan- *»7^*fc ' 
gent to the given hyperbola DE, and pa- 
rallel to the given line FG, cutting both 
the aflymptotes of the fame or oppofitQ 
hyperbolas ; which was to he done. 

PROPOSITION XX, 
Theorem XIX* 

If from any point in the periphery of 
an hyperbola a right line be drawn, 
bJJeifing the angle contained between 
two right lines drawn from the fame 
point to the foci, that line is a tan- 
gent to the hyperbola ; and if it be a 
tangent to the hyperbola, it will bi- 
ft # the 4!*&fo contained kttipeen twa 

I i 4 r%k 
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right lines drawn from the pint *| 
contati to the foci* ' 
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E T AB be any hyperbola, C and Di 
its foci, and from any point, as B, k 
the periphery, let the right line BF k| 
drawn, bifefting the angle CBD, contain 
ed between the lines drawn from thegH 
ven point to the foci; I fay, the lincBF 
is a tangent to the hyperbola. For abouf 
the center B, with the diftance BD, to the 
neareft focus delcribe the circle DKG, cut- 
ting the line BC in G, and join DG, which 
cutis the line BF in H; take any ether 
point in the line BF, as E, join the lines 
£C, ED and EG; 

Then becaufe BG is equal to BD, and 
' BH is common, and the contained angles 
QBH, DBH, equal to one another ; there- 
8 **'. h fore * the bafe GH is equal to HD, and 
the angles GHB, DHB; equal to one an- 
other, and confequently right angles. A- 
gain, becaufe GH is equal to HD, and 
HE common, and the contained angks 
right angles ; therefore the bafe EG is c- 
qual to the bafe ED ; wherefore if about 
the center E, with the diftance ED> a 

wck b<? bribed, it will pafa through 

to 
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the point G. Let DLG be that circle, 
cutting the line EC in M ; then becaufe C 
is a point taken without the circle MLD, 
and from it CM and CG are drawn to the 
convexity, one of which, as CM, partes 
through the center ; wherefore CM * is * * e. 1 3; 
the leaft that can be drawn from thatpoijit 
to the convexity ; wherefore CM is lefs 
than CG. But CG is the excels by which 
CB exceeds BD, that is, f the tranlverle t ufthu; 
axis ; confequently CM is lefs than the 
tranlverle axis, and CM is the excels by 
which CE exceeds ED ; wherefore? \ E is far.*.;*; 
a point without the periphery of the hy- *&**"• 
perbola. After the lame manner may it 
be demonftrated, that any other point in 
the line BF is without the periphery of 
the hyperbola, confequently * BF is a tan- *def. 10 4 
gent to the hyperbola. tbl *; 

Again, if BF be a tangent to the hyper- 
bola, it will bifed the angle CBD ; for, if 
not, a line may be drawn from the point 
£, f bifefting the angle CBD, which (by ts>£. i.\tf 
the above demonftration) is a tangent to 
the hyperbola, and from the lame point 
B there Will be drawn jriore than one tan- 
gent to the hyperbola, which £ is abfurd; fw. up: 
' * • > ; : . where- l7 ° fth "- 



1 
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wherefore the line BF bifeds the angle 
CBD. 

Therefore, If from any feint in tU 
periphery of an hyperbola a right Im 
be drawn, bifetting the angle contawl 
between two right lines drawn from tbt 
fame point to the foci, that line is t 
tangent to the hyperbola » and if it be i 
tangent to the hyperbola* it will bifeS 
the angle contained between two rigtt 
tines drawn from the point of contd 
to the foci i which was to be demonftrated 

PROPOSITION XXJ t 

Theorem XX. 

If any right line be drawn a tangent « i 
an hyperbola, cutting the ajjymptotts, 
the rectangle contained between th 
fegments of the asymptotes, intern- 
pted between the tangent and center, 
is equal to the reelangle contained it- 
tween the fegmentsof the ajfymftotts 
intercepted between the center tti 
any other tangent. 

LET CA, CB, be the aflymptotcs tf 
any hyperbola^ and lee A?, BG, f* 

W 
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two tangents touching it indbe points D 
and F, and catting the a/Tymptotes in the - 
points A, £, Baud G; I lay* the red- 
angle contained between AC and CE, the 
Segments of the aflymptotes, intercepted • 
between the center, and tangent AE, is 
equal to the rectangle contained between 
CB and CG, the (egments of the aflym. 
ptotes, intercepted between the center, 
and tangent BG. For from the points of 
contact, D and F, -draw the lines DM, 
DH, FK and FL, refpediyeiy * parallel «,i£ < j,i. 
to one aflymptote, and cutting the other 
in die points M, H, K and L ; 

Then beeaufe the line MD is parallel to 
CE, die triangles ADM, AEC, are f «-•[»**/. 1. 
quiangnkr, and as AE is to AD, £ fo is j +e. 1. 6. 
EC to DM. But AE is * double AD, *i 7 *ftb,s. 
wherefore EC is alio double DM ; al£> 
AC is double AM ; confequendy the reel- 
angle contained between AC and CE, is 
four times the rectangle contained between 
CM and MD, becaule of the parallel lines 
DH and DM. After the lame manner 
may it be demonftrated, that the rectangle 
contained between BC and CG, is four 
times the redangle contained between LF 
and FK. Bnt the redangle ^©otawied be- 
tween 
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tween DM and DH, is equal to the rect- 
angle contained between FL and FK; where- 
fore the redangle contained between AC 
*xo$fthu and CE, is * equal to the re&angle con- 
tained between BC and CG. 

Therefore, If any right line be drawn 
a tangent to an hyperbola, cutting the 
ajgymptotes, the rett angle contained be- 
tween the fegments of the affymptotes, 
intercepted between the center and tan* 
gent j is equal to the re 8 angle contain- 
ed between the fegments of the affytn- 
p totes, intercepted between the center 
and any other tangents which was to 
be demonflrated. 

Cor. i. From hence it follows, that if the 
points of interfe&ion of the afiy mptptes, 
and tangents to the fame or oppofire 
hyperbolas, as A, B, E and G, as alio 
D and F, be joined with right lines** 
thefe lines are all parallel to one ano- 
ther. For join EF, which cuts the line 
AB in N; then becaufe the redangle 
contained between ACandCE, is equal 
to the re&angle contained between BC 
ti6X.L* and CG, as AC is to CB, f fo is CG 
% %e. 1.6. to CE ; wherefore GE is $ parallel to 

AB ; and becatife GB, EN, cut the pa- 
rallel 
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rallel lines Afc, GE, as GF is to FB, 
Co is EF to FN. But as GF is to FB, 
fb is AD to DE, becaufe they are bi- 
fe<5ted in the points D arid F; there- 
fore as EF is to FN, *fo is ED to DA; *v*fthU\ 
consequently DF is f parallel to AB, t **- *«« 
Cor. z. The fegments of any two tangents, 
terminated by the aflymptotes, are pro- 
portionally divided in the points of con- 
tact, and where they mutually cut each 
other ; becaufe AB is parallel to Fb, 
as AD is to OD, fo is BO to OF/ 

f . 

PROPOSITION XXII. 

Theorem XXI. 



* « » 



If from any point in the periphery of 
an hyperbola a line be drawn, cut- 
ting the tranfuerfe, and parallel to 
its fecond diameter, the fquare of th* 
tranfverfe will be to the fquare of 
its fecond diameter, as the rett angle 
contained between the fegments of the 
tranfverfe, intercepted betweeh its 
vert exes and the line drawn cutting 
it, is to the fquare of thai line i And 
if the fquare of the tranfuerfe be tQ 
the fquare of its fecond diameter, ' as 

K k a reft* 
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a reft angle contained between the feg- 
tnents of the tranfverfe, intercepted 
between its vertexes, and the point 
where a line drawn parallel to its 
fecond diameter cuts it, is to the 
fquare of that parallel .line, the o- 
ther extremity of the line parallel to 
the fecond diameter will be in the pe- 
riphery of the hyperbola. But if? a 
line be drawn from any point in the 
periphery of an hyperbola, cutting 
the fecond, and parallel to its tranf- 
verfe diameter, the fquare of the fe- 
cond is to the fquare of its tranfverfe 
diameter, as the fum of the fquares ' 
if half the fecond diameter and its 
fegment, intercepted between the cen- 
ter and the line drawn cutting it, is 
to the fquare of that line ; and if the 
fquare of the fecond be to the fquare 
of its tranfverfe diameter, as the 
fum of the fquares of half the fecond 
diameter and its fegment, intercepts 
ed between the center and the point 
where it is cut x by a line drawn pa- 
rallel to its tranfverfe diameter, is 
to the fquare of that parallel line, 
the Other extremity of that parallel 

line 
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is in the periphery of the hyper- 



bola, 

LE T AB be any tranfverfe, and HK its 
fecond diameter, of any hyperbola, 
C its center, CD and CE its aflymptotes ; 
and from any pqint in its periphery* as 
F f let FG be drawn parallel to the fecond, 
and catting its tranfverfe diameter in G ; 
I fay , the fquare of the tranfverfe AB is to 
the fquare of its fecond diameter HK, as the 
redanglc contained between AG and GB, 
the figments of the tranfverfe, intercept- 
ed between its vertexes and the line drawn 
cutting it, is to the fijuare of that line FG. 
For from B, the vertex of the diameter 
AB, draw DE a tangent to the hyperbo- 
la, cutting the aflymptotes in D and E, 
the line DB will be * equal and parallel to **</•**<? 
HC, and produce FG until it cut the afc 
fymptotes in M and L ; 

Then becaufe LG is parallel to DB, the 
triangles LGC and DBC are f equiangular, t*9 *•*-»; 
and as LG is to GC, J fo is DB to BC ; 1 4*. i.*> 
wherefore the fquare of LG is * to the *«.£./. 6. 
fquare of GC, as the fquare of DB is to 
the fquare of BC. But the fquare of DB 
is | equal to thfe re&angie contained be- ]fr.-i.*ri 

Kkz tween ' '* 
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tween LFandFM ; and becaufe the wholej 
viz. the fquare of CG, is to the whole, 
viz. the fquare of LG, as a part, viz 
the fquare of CB, is to a part, wjk. the 
redanglc contained between LF and FM ; 
therefore the refidne, viz the xe&atiglc 
f i»*. /. $* contained between AG and GB, * is to 
the refidue, viz. the fquare of FG, as 
the fquare of CG is to the iqoare of GL, 
that is, as the fquare of CB is to the (quag 
t*/u#/of DB, which is f equal to CH, and by 
1 "' quadrupling the lafl ratio it will be, as the 
Fquaxc of the tranfverfc diameter AB is to 
the fquare of its fecond diameter HK, fo 
is the re&angle contained between AG and 
GB, the fegments of the tranfverfe, inte* 
cepted between its vertexes and the li»e 
drawn parallel to the fecond diameter, to 
. the fquare of that line FG : And if the fquare 
of the tranfverfe AB be to the Square of 
its fecond diameter HK, as the re&angle 
contained between AG and GB r the feg- 
ments of the tranfverfe, intercepted be* 
tween its vertexes and the point G, where 
the line FG, parallel to the fecond diame^ 
ter, cuts it, is to the fquare of that line 
£G; the point F will be in the periphery 
of the hyperbola ; for, if not, let FG, if 

pot 
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; pafiible, cut the periphery in ; any other 
point, as N; then, b$caufe,NG is jjdraxpn 
from, a point in the pe^phery of the hy- 
perbola, parallel to the fecond diameter 
.HK, and putting its, tranfverfe AB in Q f 
as thefquare, of ABis to theiquareof FJK, 
* fp- is the re&angle contained berween AG *trec.dem; 
: ^nd GB, p the Iquare of GN $ wherefore . 
the re&angle cqntaiaed between AG and 
GB, is to the Iquare of GN, £S the lame: 
redtangle combined between AG ap4 Gfo 
is to the fqu^re, <?f QF ; confequently the 
iquare f of GN is.^qnal to the fquare.Qf^^/^; 
,GF f and the line GN equal to the- line 
GF, a part equal to the whole, which is 
abfiird ; therefore the point F is a point in 
the periphery of the hyperbola. 

Again, if from the point F the line FQ 
be drawn parallel to the tranfvprfe A& and . 
cutting the fecond diameter HK in Q j n( 
fay, the Iquare qf the fecond diameter HK 
4s ,tjp the Iquare of its trajifverle AB, as 
the fiim of the fquares upon CH and CO, 
half the fecond diameter, and its ftgmenc 
intercepted between its center and the line 
cutting it, is to the Iquare of that line FOU 
For from F draw FG parallel to the fe- 
cond diameter HK, and cutting its tran£ 

verfc 
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verfe in G; then becanfc FG is parallt 
to OC, and GC to FO, the figure OO 

?**£./. i. is a parallelogram, and GC * equal to ¥( 
But becaufe FG is drawn from the poii 
F in the periphery of the hyperbola, 
rallel to the feeond diameter HK, and an- 
ting its tranfverfe in G, as the fquare 

ifmJm, CB is to the fquare of CH, f fo is tbel 
re&angle contained between AG and GB t [ 

J«r.4. ir. to the fquare of FG or CO. By £ invcr« 
f# fion, as the fquare of HC is to the fquarej 
of CB 9 fo is the fquare of OC to the red- 
angle contained between AG and GB;i 
wherefore as the fquare of HC is to tk| 

f .si*. I, $: fquare of CB, * fo is the film of the twoj 
fquares defcribed upon HC and OC, tQj 
the fquare of CB, together with the red- 
angle contained between AG andGB, that 

f *£./.*• is, the f fquare of CG or FO; and by 
quadrupling the firft ratio it will be, as 
the fquare of HK, the feeond diameter, is 
to the fquare of its. tranfverfe AB, fo is the 
ftm of the fquares upon HCandCO, viz. 
half the feeond diameter, -and its fegment 
intercepted between its center and the line 
drawn cutting it, to the fquare of FO. 

Laftly , if from the point E, FO be 
drawn parallel to the tranfverfe diameter 



w 
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\B 9 and cutting itsiecond deameter HK 
11 O, and if the fquare of HK be to the 
quare of AB, as the fum of the fquares of 
?H and CO is to the fquare of FO» die 
joint F will be in the periphery of the hy- 
perbola ; for, if not, let the line FO cut 
the periphery* if poflible, in any other 
point, as Qj then becaufe QO is drawn from 
a point in the periphery of the hyperbo- 
la, parallel to the tranfverfe diameter AB, 
and cutting its fecond diameter HOi O. 
as the fqua*e of HK is to the fquare of 
AB, * fo is the fum of the fquares upon *}retMm. 
HC and CO to the fquare of QO ; where- 
fore as the fum of the fquares upon HC 
and CO is to the {quare of QO, f fo is tu£.JL$; 
the fum of the lame fquares upon HC and 
CO to the fquare ofJFO; confequently 
the fquare of QO is \ equal to the fquare \ 9 £./.*; 
of FO, and the line QO to the line FO f 
a part equal to the whole, which is ab- 
furd ; wherefore the point F is in the pe- 
riphery of the hyperbola^ 

Therefore, If from any point in the 
periphery of any hyperbola, &c. which 
was to be demonftrated^ 
Cor. 1. From hence it follows, that if from 

two or more points in the periphery of 

- an 
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an hyperbola, right lines be drawn pa- 
rallel to a fecond dameter, and cutting' 
its traulverfe, the Equates of thefe lines 
: have the Jainc proportion to one ano- '■ 
ther, as the reftangles contained between 
the figments of the tranfverfe diameter, ; 
intercepted between its vertexes and 
thefe refpedtive lines. 
Cor. x. If from two or more points in the 
periphery of the lame or oppofite hy- 
perbolas, right lines be drawn parallel 
to any tranfverfe, and cutting its fecond 
diameter, the fijuares of thefe lines have 
the fame proportion to one another, as * 
the (urn of thefquares Of half the fecond 
diameter, and its figment intercepted 
between the- center and the firft menti- 
oned Ifne\, is to the fum of the fquares 
of half the lame fecond diameter, and 
its figment intercepted between its cen- 
ter and the fecond mentioned line, &c. 
Cor. 3 . Any tranfverfe and its fecond dia- 
meter are conjugate diameters : For let 
FG and FO cut the fame and oppofite 
hyperbolas in R and P, as the re&anglc 
contained between AG and GB is to 
•ior.t if the fquare^ of FG, *To is the fame fe<2- 

9 ^ angle contained between AG and GB to 

the 
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the fquare of GR ; wherefore FG is * e- * 9*. t si 
qual to GR ; and as the fum of the 
fquares upon CH and CO, is to the 
fquare of FO, t fo is the film of the t w. * • */ 

/- r* ^»» 1 ^y% this frOp. 

lame two fquares upon CH and CO, to 
the fquare of OP ; wherefore the fquare 
of OP is \ equal to the fquare of OF, \9E.1. %y 
and the line OP equal to the line OF ; 
confequently the two diameters H£ and 
AB are * conjugate diameters. Alfb * ^/. 7 *£ 
two diameters cannot be conjugate to 
one and the fame tranfverfe or conjugate 
diameter. 
Cor. 4. If from two points, one of which 
is in the periphery of the hypetbola, 
two right lines be drawn parallel to the 
tranfverfe, and cutting its fecond dia- 
meter, or parallel to the fecond, and 
cutting its tranfverfe ; and if in the firft 
cafe the fquares of thefe lines have the 
fame proportion to one another, as the 
film of the fquares of half the fecond 
diameter, and tjbe .fegments intercepted 
between the center and thefe refpe&ive 
lines ; or, in the fecond cafe, the fquares 
of thefe lines have the lame proportion 
to pne another, as the re&angles co%< 
tained between the fegmenrs of the dia- 

L 1 metdt, 
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mfcter, intercepted between its vertexes 
arid tbefe lines, the other point will li- 
fe be in the periphery of the fame or 
oppofite hyperbolas. 

Cor. 5. Any ri£ht line, terminated by the 
lame or oppofite hyperbolas, and bi- 
fe&ed by any trafifvetfe, or its fecond 
diameter, is parallel to the other, and 
all ordinates to the fame diameter are 
parallel to one another. Alio right lines 
parallel to either of the conjugate dia» 
meters, and cutting off from the other 
equal fegments to the center, are equal 
id one another; and if they be equal 
to one another, and parallel to either 
of the two conjugate diameters, the feg- 
ments of the other, intercepted between 
them and the center, are equal to one 
another. * 

Cor. 6. Two or more right lines parallel 
to one another, and terminated by the 
fame or oppofite hyperbolas, that dia- 
meter which bife&s any one of them 
will bife& them all ; and that right line 
j which bifedts two or more .right lines, 
terminated by the^ fame or oppofite hy- 
perbolas, is a diameter. 

Or. 7. The re&angie contained between 

the 
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the fegments of any tranfverfe diameter, 
intercepted between the ordinate and 
its vejtexes, is tp the fquaire of the fe- 
, mi-ordinate, as the diameter is to its la- 
tus re&um : For the tranfverfe is to its 
conjugate, * as its conjugate is to the * *?f- « « 4 
latus re6hijn of the traniverfe ; therefore 
the fquare of the tranfverfe is to the 
Iquare of its conjugate, as the tranfverfe 
is to its latus re&uip. But the iquare 
of the tranfverfe is to the fquare of its 
conjugate, f as the gbove mentioned T t rec - P r - 
re&angle is to the fquare of the femi- 
ordinate ; confequejitly the tranfyerfe 
diameter is to its latus re&ura, ^ as the \^ea.%. 
re&angle contained between the feg- 
ments of if, intercepted between any 
ordinate audits vertexes, is to the fquare 
of that femi-ordiqate. After the fame 
manner may it be demonstrated, that a- 
ny fecond diameter is to its latus re- 
ctum, as the fum of the fquares of hajf 
the fecond diameter, and its fegment in- 
tercepted between the center and any 
ordinate, is to the fquare of thatfemi- 
ordinate. 4 

L t % PRO* .v 
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PROPOSITION XXIII. 
Theorem XXII. 

*A right line drawn through the vertex 
of any tranfuerfe diameter ; and pa- 
rallel to the ordinate of that diame* 
ter> is a tangent to the hyperbola; 
and if it be a tangent to the hyper bo- 
la, it will be parallel to the ordinate 
of the tranfuerfe diameter drawn 
through the point of contact. 

* 

LE T CB be a tranfverfe diameter to the 
hypetbola BF, C its center, CD and 
CE the aflymptotes, and FR an ordinate 
to the diameter CB, through the vertex B 
let BD be drawn parallel to the ordinate 
FR ; I fay, DB is a tangent to the hyper- 
bola. For becaufe FR is an ordinate to 
'.%.*. the diameter BC, FR will be * parallel to 
' "' the fecond diameter ; wherefore DE will 
Uoe.l i. b e j p ara li e i to t k e f ame fecond diameter; 

\nlis x% am * con ^ ucn dy DB is a £ tangent to the 
hyperbola BF. Again, if DB be a tangent 
to the hyoerbolaBF, it will be r%*T*\\*\ m 

UI^B ; for becaufe BD is a tangent to the hy- 
£»/• is?f perbola, it will* be parallel to the fecond di- 
ameter, 



A2 Of 
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ameter, which is conjugate to CB. But FR is * ur. 5 .jr. 
■* parallel to the lame diameter ; wherefore zl0 ^ f '* 
the tangent DB is parallel to the ordinate FR. 
Therefore, If a right line be drawn 
through the vertex of any tranfuerfe 
diameter \ and parallel to an ordinate 
of that diameter* it is a tangent to the 
hyperbola ; and if it be a tangent to the 
hyperbola, it will be parallel to the ordi- 
nate* of the tranfuerfe diameter drawn 
through the point ofcontait; which was 
to be demonftrated. 

Cor. Two right lines cutting one another, 
and not drawn through the center, and 
terminated by the lame or oppofite hy- 
perbolas, cannot bile& each other ; for 
if they did bifeft each other, they would 
be both * ordinates to the lame diameter, * */• * *f 
and confequently would be f parallel to 1 cor. 5.^, 
one another, which is abford. 1 2 */>*«, 

PROPOSITION XXIV. 

1 

Theorem XXIII. 

If a right line, which is a tangent to 
an hyperbola, cut any tranfuerfe di- 
ameter, and from the point ofcontaft 
an ordinate be drawn to the fame di- 
ameter % 
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amefer, the, re ft angle captained 
twee* the figments of the 4iameti 
intercepted between the ordinate 
center-, and the ordinate 4*4 tangi 
is eqnak to a re ft angle contained 
tween the figments of the diame 
intercepted between the ordinate 
the vortexes of the diameter. Jl\ 
, the reft angle contained between ti 
figments of the diameter, inter ct^ 
ed between the tangent and cet, 
and tangent and ordinate, is equal 
a ?e.ft angle contained between tbefq 
ments of the- diameter ; intercepu 
between the tangent and vertexes 
that diameter. But if the tangi 
(V* *fi% fieond diameter, and fh 
the feint of cent aft an ordinate 
drawn to the fame diameter, the rei 
angle contained between the figmenti 
of the diameter, intercepted hetwei 
the ordinate find center, and grdinate 
and tangent, is equal to the fum of 
the fqnares defcribed upon half the 
diameter, and the figment of the di- 
ameter intercepted between the tet- 
ter and ordinate. Alfo the reftan&k 
contained between the, figments. of the 

' dia- 
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diameter, intercepted ' fafwein the 
tangent and center \ and tangent and 
ordinate, it equal to the /ton of the 
fqn&res defer tied upon half the dia- 
meter \ and that fegment of it inter- 
cepted between the center and tangent. 

LE T A be the center of any hypftrbb- 
j k, AB and AC its atfyniptbtes, and 
let DE be a tangent touching it in the 
point D, aprf cutting the tranfVeric dia. - 
meter in the point K, and flxrin the point 
of contact D let DH be driwn an ordi- 
nate to the diameter OF, cutting it in H % 
I fay, the redangie contained bepween AH 
and HK, the fegments of die diameter, 
intercepted between the center and ordi- 
nate, and tangent and ordinate, is equal 
to the rectangle contained between GH 
and HF, the iegments of the fame diame- 
ter, intercepted between the ordinate and 
the vertexes of the diameter. For let the 
tahgent DK cot the aflymptotes in E and 
C> ; and from F, the vertex of die diame- ' 
ter FG, let Bp be drawn a * tangent to V#/>Wtf 
the hyperbola, cutting the afl^inptotfes in 
B and L, and from F let Flil be drawn 
J parallel to ED, cutting the afly&ptofeet3is.J.« 

AB 
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AB in M, and let HD produced cut 
aflympiote AC in N: >^ «• < 3Cf 

Then becaufe BL is drawn from tbirl 
vertex of the diameter GF, a tangent go 

** 3 *f Ms. the hyperbola, it is * parallel to the ordi- 
nate DH; alio becaufe the tangents BL, 
EC, cut one another in O, as DO is to 

\«r.j.fr. OC, t fo is FO to OB. But as OD is to 

7. of this. _^„ _ „_ _ ^ , v -,^ . 

f %e. i.e. OC, J fo is NL to LC, and as FO is to , 

OB, fo is ME to EB ; wherefore as NL 
♦ii£.j. 5 . is to tC, f fo is ME to EB; and becaufe ■ 
Uor. i.tr EL is t parallel to BC, as CL is to LA, 
frxEJ."'. fo is BE to EA ; and by J equality, as 
LN is to LA, fo is EM to E A ; and by 
*i% e.l 5. cornpofition, * as NA is to LA, fo is MA 
f %e. i. e. to E A. But as AN is to LA, f fo is HA 
to FA, and as MA is to EA, fo is FA to 
KA ; confequently as HA is to FA, fo is 
FA to KA ; therefore the re&angle con- 
fer./. 6;tained between HA and AK, is f equal 
to the fquare of FA. Again, becaufe FG 
is equally cut in A, and HF added to it, 
the re&aqgle contained between GH and 
HF, together with the fquare of FA, is 
t*£. /.2j * equal to the fquare of HA ; alfo becaufe 
HA is any how cut in.K, the fquare of 
|*£. l.z. HA is | equal to the re&angle contained 
between tfA.and AK, together with the 

. ". reft- 
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Iredfcangle contained between HA and HK ; 
Wherefore the re&afigle contained between 
GH and HF, together with the fijuarfc of 
FA, is equal to th6 re&angle contained 
between HA and AK, together \Hth the 
ve&angle contained between HA and HK. 
But the lquare of FA has been demonftra^ 
ted to be equal td the re&angle contained * 
between HA and KA 5 eoniequently the 
•re&angle contained between HA and HK% 
-that is, the redfcangle contained between 
the fegmehts of the diameter, intercepted 
between the ordinate and center; and or- 
dinate and tangent, is equal to the remain- 
ing redangle contained between GH and 
HF, *vi&. the redangle eoritained between 
the fegmerits of the diameter intercepted 
between the ordinate arid vertexes of the 
diameter: 

I lay aJfo, the re&angle contained be* 
tween HK and KA, the fegments of thi 
diameter, intercepted between the tangent 
and ordinate,' and the tangent and centef, 
is equal to the fe&angld contained between 
GK and FK, via. the fegriients of the dt- 
afaeter intercepted between the tangent 
and votexes of the diameter. For becaufe 
FG is equally cut in A, and unequally hj. 

M m K, 
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K, the redangle contained between GF 

and FK, together with the fquare of KA, 

* f E. i.%< i s * equal to fa {qa^e of FA. Bat (by 

the above demonftration) the fquare off A 
is equal to the redangle contained between 
HA and AK ; and becaufe MA is any now 
cat in K, the redangle contained between 
i i£<i*-HA and AK, is f equal to die redangle 
contained between Hit and KA, together 
With the fquare of AK ; therefore the red* 
angle contained between GK and FK, to- 
gether with the fquare of K A, is equal to 
the redangle contained between HK and 
KA, together with the lame fquare of KA; 
take from both the common fquare of K A, 
and there will remain the redangle con- 
tained between HKandKA, viz. the rect- 
angle contained between the Segments of 
the diameter, intercepted between the tai> 
gent and ordinate, and tangent and cen- 
ter, equal to the rectangle contained be- 
tween GK and FK, viz. the redangle 
contained between the iegments of the di- 
ameter intercepted between the vertexes 
and tangent ; W, W. D. 

_ 'Part %. When the tangent DE cats the 
fecond diameter AP in Q, I fay, the red- 
angle contained between QRandRA, the 

ieg- 
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jhgpxieats of the diameter, intercepted be- 
tween the ordinate and center, and the or- 
dinate and tangent, is equal to the ium of 
the iqaares described upon AP and AR # 
*/*:&. half the fccond diameter, and its feg- 
Kietlt intercepted between the center and 
efdinate Fofrlet GF be the conjugate tran£ 
t^crfe diameter to SA, which cuts the tan- 
gent DE ift K, and from the point of con- 
tact D let DH be drawn an ordinate to 
the tJraniverie diameter AF, cutting it in 
H 9 then (by the above demonflration) as 
HA is to FA» fo is FA to K A ; therefore 
*s HA is to KA, * fb is the iquare of HA*" 1 '- 1 ** 
to the iquare of FA ; and by divifion, as ' 
HK is to KA, f fb is the re&angle con- \v E ^^ 
tained between OH and HF t to the iquare 
of FA. But as the re&angle contained be? 
tween GH and HF, is to the fquaje of 
FA* $(6 is the iquare of DH or AR, which fa $ftbbi 
is equal to it, to the iquare of AP ; where-* 
fore as HK is to KA, * Co is the iquare of *u«,J,i: 
RA to the iquare of AP. But as HK is 
toKA, f ib is DK to KQ, or RA to AQj \ *e, {.*«• 
therefore as the iquare of R A is tp thQ 
k fquare of AP, fp is RA to AQj* wher* # ^ mrJ ± 
fore as RA is to AP, % (o ip AP to AQj «"/«> e. 
fl^KSfttty the fquara of AP fe * equal ujg,^ 
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to the re&angle contained between RA 
and AQj add to both the Iquare of RA,- 
and the two fquares defcribed upon RA 
and AP will be equal to the rectangle con- 
tained between QA and AR, together with 
the fquare of AR. But becaufe the line 
QR is any how cut in A, the re&angle 
I } b. 1. a. contained between QR and R A, is * equal 
to the re&angle contained between QA, 
and AR, together with the fquare of AR j 
confequently the redangle contained be-. 
tween QR and RA, that is, the redangfe 
contained between the fegments of the d\r 
ameter, intercepted between the ordinate 
*nd center, and ordinate and tangent, is 
equal to the fum of the two fquares de- 
' fcribed upon AP, half the diameter, and 
R A the fegment of the diameter intercept* 
pd between the ordinate and center. 

Like wife I fay, the redangle contained 
between RQ^ and QA, the fegments of 
the diameter, intercepted between the tan- 
gent and center, and tangent and ordinate, 
is equal to the fum of the fquares defcri- 
bed upon AP and AQ, viz;, half the di- 
ameter, and the legment ef it intercepted 
between the tangent and center. For (by 
the lafl: part of the 4emonf|ratioo) the 
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Rguare of AP is equal to theredangle con* 

rained between RA and AQj add to both 

the common Iquare of AQ, and the two 

Squares ddcribcd upon AP and AQ, is .e- 

qual to the rcdangle contained between 

KA and AQ, together with the iquare of 

AQ. Bat becaufe the line QR is any how 

eat in A, the rectangle contained between 

RQ^ and QA, is * equal to the redangle * 3*-f-*s 

contained between R A and AQ, together 

with the iquare of QA ; confequently the 

rectangle contained between RQand QA, 

the fegments of the diameter, intercepted 

between the tangent and center, and the 

tangent and ordinate, is equal to the fum 

of the fquares defcrtbed upon AP, half the 

diameter, and QA its fegment intercepted 

between the tangent and center. . 

Therefore, If a right line, which is 
» tangent to an hyperbola, cut any right 
line, &c. which was to be demonfbated. 
Cor. 1. From hence it follows, becaufe 

AH is to AF, f as AF is to AK, andtmi,#/ 
AR is to AP, as £ AP is to AQ, a fe- tpanz,^ 
mi-diameter is a mean proportional be- - 
K < tween the fegments of. the fajne diame- 
ter, intercepted between the center and 
fange&t, and the center and Qrdioate, 
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drawn from the point of contact of M 
tangent 

Cor.%. The fegments of the diameter, in- 
tercepted between its vertexes and the 
ordinate, have the ftme proportion to 
one another, as the foments of the fame 
diameter, intercepted between its ver- 
texes and the tangent; Becaufe AH i» 
to AF, as AF is to KA, by <£onveffi- 
\w. \}E. on, as AH is to HF, * ib is AF to FK ; 

and by doubling the antecedents, as 
JfG, together with HF, i* to HF, fo 
is FG to FK; and by* diyifion, as HG 
ts to HF, fo is KG to FK. After the 
feme manner may it be demOnftraced of 
the ftcond diameter QS. 

£br. 3. When an ordinate to % fecond di- 
ameter, drawn from the point of eon* 

-c ta& of a tangent, cuts it in one of its 
vertexes, the tangent will $mt it in th^ 

. other vertex. 

• * 

tyr. 4, If Irom any point in th£ periphe* 
ry of an hyperbola an ordinate be drawn 
to aH^ diameter, and from the fame 
point 2} line be drawn cutting the di*i 
meter; and if half the diameter be a 
t&eanpxopcational between the fegments 
tf fy iiitcrccptwl ttci^^ft 4W cen tef 
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A and ordinate, olid the center and that 
litie j the line drawn cutting it will be 
a tangent to -the hyperbola. For let 
DH be an ordinate, cutting fhfc diame- 
ter AF in H, drawn from the point D 
in the periphery of the hyperbola FD, 
and from D tet DK be drawn cutting it . 
in K, fo as FA, half the diameter, is a 
mean proportional to HA and K A, .DK 
is a tangent to the hyperbola; for, if 
furtylet any other line, as DT, be drawn 
a tangent to the hyperbola, cutting the 
diameter in T ; then as HA is to FA, 



■* fo is FA to TA. But as HA is to FA, *<»• f * 

4 , thts. 

f fo is FA to KA; wherefore as FA is t hf* h : 
to KA, fo is FA to TA; confej^uendy 
KA is \ e<jual to TA, a part to the*9^ .i.$i 
whole, which is abford. 

PROPOSITION XXV. 

Theorem XXIV. 

If a right line be drawn a tangent to 
one of the conjugate hyperbolas, and 
through the center two right lines be 
drawn, one through the point of con- 
tafif, and the other parallel to the 
tangent, and cutting one of the adja- 
cent 



z8o Elements af Conic Scftiom. Bttokllfc 

cent hyperbolas, that line <aill be 
half the fecond diameter ; conjugate 
to the tran/verfe drawn through the 
point of contact $ and if that lajt men- 
tioned line be half the fecond dia- 
meter, conjugate to that tranfverfi 
drawn through the point of contafi, 
its extremity will be in the periphe- 
ry of one of the adjacent hyperbolas. 

LET ABi C£>, EF and Gft, be four 
conjugate hyperbolas, K their cen- 
ter, KL and KM their aflymptotes; let 
LA be a tangent to the hyperbola AB, 
touching it in A, and cutting the aflym- 
ptotes in L and M, and through the cen- 
ter K let KA be drawn to the point of 
contad, as alio KC parallel to the tan- 
gent LM, cutting the periphery of the 
hyperbola, adjacent to AB, in the point 
C ; I fay, KC is half the fecond diameter, 
which is conjugate to KA. For through 
the points A and C draw the lines AN, 
f$\EJ.i. CO, * parallel to the aflymptote KL* and 
cutting the other in the points Nf and 0; 
Then becaufe LM is a tangent to the 
jiyofMs. hyperbola AB, LA is f equal to AM; 
i *B. 1.6. but as LA is to AM, J fo is KN to MN* 

. where- 
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wherefore KN is equal to MN. Again, 
becaufe A and C are two points in the pe* 
riphery of the adjacent hyperbolas AB and 
CD, and from thefe points the lines AN, 
CO, ate drawn parallel to the afiymptote 
KL, cutting the other in N and O, there- 
fore the re&angle contained between AN 
and NK, that is, NM is * equal to th$ ***.%. ft: 
re#angle contained between CO and OK ; looft tSt 
wherefore as CO is to AN, f fo is NMt^£./.« 
to OK. But becauie CO is parallel to AN, 
and CK to AM, the triangles COK, ANM; 
are fimilar, and as CO is to AN, f fb i&t 4& *# 
OK to NM ; therefore as OK is to NM, 1 
fb is NM to OK ; cbnfequently the fquare 
of NM is * equal to the fquare of OK, *i7& l -& 
and the line NM equal to the line OK. 
Bfut as OK is to NM, fo is CK to AM; 
wherefore. CK is equal to AM ; confe- 
quently CK is f half the fecond diameter, t d$f. i* 
conjugate to the tranfverfe AK, drawn ofthlu 
through the point of Contadfc 

Again, if CK be equal to half the fe- 
cond diameter, which is conjugate to the 
tranfVerfe AB, the conftru&ion remaining 
the fame as before; I fay* the point C 
will be in the periphery of one of the ad- 
jacent hyperbolas to AB. For becaufe CK 

N n is 
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is half the fecond diameter to the trarf 

* ftf. i4*/vede AK, CK is * equal and parallel to 
AM, and CO is parallel to AN ; there* 
fore the two triangles COK, ANM, have 

\i9E.i.i. the angles COK, OKC, in the one fe* 
qua! to the angles ANM, NMA, in the 
other, each to each, and the fide CK e« 
qual to the fide AM ; wherefore the fide 

i*«EJ.i. CO is \ equal to the fide AN, and OK to 
NM, that is KN 5 confequently the red- 
angle contained between CO and OK, is 
equal to the redtangle contained between 
AN and N$. But A is a point in the pe- 
riphery of the hyperbola AB> and C is a 
point within the angle OKL, adjacent to 
the angle LKM, contained between the 
aflymptotes of the hyperbola AB ; conle- 

*<"• 4-? r • quently the point C * is in the periphery 
of the hyperbola adjacent to AB. 

Therefore, If a right line be drawn 
a tangent \ to one of the conjugate hyper- 
bo las, and through their center two 
* right lines be drawn, one through the 
point of contact, and the other parallel 
to the tangent, and. cutting one of the 
adjacent hyperbolas, that line will be 
half the fecond diameter \ conjugate to 
the tranfverfe, drawn through the point 



j 
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*yf c^ntaSf ; and, if that lafl mentioned 
\line be half the fecond d*aMeter f conju- 
gate to that ttanfverfe drawn through 
phe point ofcontait y its extremity will 
be in the periphery of one of the adja- 
cent hyperbolas ; which was to be de- 
monftrated. 

,'Cbr. i. From hence it foliows, thit if CK 
' be half a fecoad diameter, conjugate to 
' the traiifterie AK, in the hyperbola AB, 
xeveifely AK will be half .a, fecond dia- 
f meter, conjugate to the tranfrerfe QK> 
in the adjacent hyperbola CD. For join 
the lines CA, CL, and let CL cue the v 
aflymptbte KM in P ; then becaufe CO 
was proved to be equal to AN, and is 
parallel to k, therefore CA is * parallel * S4SJ.1: 
and equal to ON* and as LA is to AM, 
f fo is LC to CP. But LA is equal to \-%e. 1.6. 
AM, wherefore LC is equal to CP, and 
C is a point in the periphery of the hy- 
perbola CD; therefore LP is a J tan- {17 */>£»,: 
gent to the hyperbola ; and becaufe CK 
is half the fecond diameter, conjugate 
to the traafverfe AK, therefore CK is 
* parallel and equal to LA ; confequent- * a/. 14 # 
ly LC is parallel and equal to AK ; thtu 
therefore. AK is half the fecond diarue- 

N n % ter, 
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tcr, conjugate to the tranfrer{e CKio 
the adjacent hyperbola CIX 

Cor. %. A right line drawn from the point 
of interfe&ion of two tangents, drawn 
from the vertexes of two conjugate di- 
ameters to the center, is one of the a£ 
fymptotes of the conjugate hyperbolas, 
Let L be the point of interferon of 
the two tangents AL, CL, drawn from 
the vertexes of the conjugate diameters 
AK, KC, LK will be one of the aflym- 

. ptotes ; for, if not, let any other line, 
as KQ, be the aflymptote, cutting the 
tangent AL in Qj then becaufe CL is 
parallel to AK, and CK to LA, the ii- 

• gure CKL A is a parallelogram, and CK 

*idtf f l * " * s * tQ ^ to LA# ** ut ^ K is ^ c ^ oa ' 
tkiu to QA, therefore QA is equal to LA, 

a part to the whole, which, is abfurd; 
conlequently LK is one of the aflym- 
ptotes of the conjugate hyperbolas. 
Cor. 3, Aright line drawn from two points 
in the periphery of two adjacent hyper- 
bolas, and biiedted by one of theaflym- 
ptotes, is parallel to the other ; and if 
it is parallel to one aflymptote, it is 
bife&ed by the other. Let C A be drawn 
from the two points Q and A in the adja- 



.1 
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cent hyperbolas, and bife&ed in R.by 
the aflymptote KL, it is parallel to the 
other aflymptote KM. For draw the 
lines CO; AN, parallel to the fame at 
fymptote KL, cutting the other in O 
and N; theabecaufe the lines CO, RK, 
AN, are all parallel to one another, as 
CR is to RA, *< fo is OK to KN ; where- * ^ e. u, 
fore OK is equal to KN. Bur the rect- 
angle contained between CO and OK, 
is f equal to the re&angle contained t '"•*•/*• 
between AN and NK ;. therefore CO is 
parallel and equal to AN, . consequently 
CA is { parallel to the aflymptote KM. U^.l.i; 
After the fame manner may it: be de- 
monflrated, that if CA be parallel to 
the aflyiriptote KM, it will be bifedted 
by the other aflymptote KL. *Alfb if 
the line CA be bife&ed.inR by the at 
fymptote KL, and parallel to the other 
aflymptote KM ; and if the one extre- 
mity A be in the periphery of the hy- 
perbola AB, the other extremity C will 
be in the periphery of the adjacent hy- 
perbola* Becaufe CR is equal to RA, 
OK is equal to KN, and CO to AN"; 
wherefore the re&angle contained be- % 

pyeen ANandNK, is equal to the wr- 
angle 
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angle contained between CO and OK; 
and A is a point in the periphery of the 
hyperbola ' AB, and C is a point within 
the angle PKL, adjacent to the angle 
LKM, contained between die aflym- 
ptotes of the hyperbola AB ; therefore 
C is a * point in the periphery of the 
hyperbola adjacent to AB. 
Or. 4. If from the vertex: of any fecoad 
. diameter an ordinate be drawn to any 
: cither diameter, and from the fame point 
• a line be drawn parallel to a tranfverfe 
which is conjugate to that fecond dia- 
meter, and cutting the diameter to which 
the ordinate is drawn, half that laft di- 
ameter is a mean proportional between 
its tegments, intercepted between the 
ordinate and the other line drawn cut- 
ting it. If CK be any fecond diameter, 
andKA a tranfverfe conjugate to it, and 

• &TV any other diameter, and from C 

• . let CS be drawn an ordinate to KT, 
and CV parallel to AK, cutting the di- 
ameter TKin V, TK, half that third di- 
ameter, is a mean proportional between 

. KS and KV ; for becaufe C is the ver- 
tex of the fecond diameter to the tranf- 
verfe KA, it will be a point in the pe- 
riphery 



J 
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\ riphery ©f the adjacent hyperbola to 
AT, and AK will be the * fecond dia- * «'• * »f 
meter, and CV will be a, f tangent to t*i?iW 
the hyperbola CD ; confecjuently KT **"* 

, is a i mean proportional between KS t etr - l -tr : 
andKV. ***** 

i , * 

\ 

PROPOSITION XXVL 

« 

Theorem XXV. 

If from the vertex of oHy fecond dia- 
meter of an hyperbola, a right line be 1 
drawn parallel to any tranfverfe di* 
ameter, and cutting a fecond diame- 
ter conjugate to the tranjverfe, thk, 
fquare of the tranfverfe is to the' 
fquare of its conjugate, as the fquare 
of the line drawn cutting the cotiju* r ' 
gate, is to the rectangle contained &e* 
tween the figments of the 1 conjugate, 
intercepted between its vertexes and 
the line drawn cutting it. Bui if 
from the vertex of the fame fecond 
diameter, a line be drawn faralkl 
to my fecond diameter, and cutting 
a tranjverfe which is conjugate tb'it; 
the fquare of the fecond diameter is 
to. the fquare of the tranfverfe whicf) 

is 
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is conjugate to it, as the fquare of 
the line drawn cutting the tranf 
verfe* is to the fum of the fquares 
defer ibed upon half the tranfver/e di- 
ameter* and its fegment intercepted 
between the line drawn cutting it and 
the center. 



LEI 
la, 



ET C be the center of any hypeAo- 
l, AB a tranfverfe, and DE its con- 
jugate diameter, and CF any other fecond 
» diameter, and from the vertex F let FG 
be drawn parallel to the tranfverfe diame- 
ter £B, and cutting its fecond diameter 
DE in G ; I lay, the fquare of the tranf- 
verfe AB is jo the fquare of its conjugate 
- DE, as the iquare of the line FG is to the- 
*4p re&angle contained between. EG and 68. 
For becaufe F is the vertex of the fecond 
*%*luhn' diameter PC, F will be a * paint in the 
periphery of the hyperbola DF, adjacent 
to the hyperbola BK, and DE will be a 
tranfverfe diameter in the hyperbola DF, 
which has AB for its fecond conjugate di- 
ameter ; wherefore as the fquare of DE is 
to the fquare of its conjugate diameter 
\%i$fthis. AB, f fo is the rectangle contained be- 
tween EG, GD, to the fquare of GF, and 

by 
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by * inverfion, as the fquare of the dia- *4*. *<*. 
meter AB is to the fquare of its conjugate. 

D E, fb is the fquare of FG, the line drawn 
parallel to the tranfverfe, to the re&angle 
contained between. EG and GD, the feg- 
ments of the fecond diameter, intercepted 
between its verteixes aid the line drawn 
Cutting it. 

Again, if froriiF, the vertex of thefamd 
fecond diameter FC, FH be drawn pafal- 
lel to the fecond diameter DE, and cut- 
ting its tranfVeife AB in H, the iquare of 
the fecond diameter DE is to the fquare of 
the tranfVerfe AB, as the Iquare of FH, 
the fyne drawn cutting the tranfrerfe, is 
to the fquare 6f JB half the tranfVerfe, to- 
gether with the fquare of flB> its fegment, £A 
intercepted between the cefitef and thejiner 
drawn cutting it. Becaufe F is a point in 
the hy|>erbola DF, adjacent to BK, and 
£>E is a f tranfverfe diameter in that jhy- f^. iff; 
perbola, which has AB for its fecond di- % ** tkii * 
ameter; and fince FH is drawn from a 
point in the periphery '-of the hyperbola 

DF, parallel to .the tranfrerfeDE, andcut- 
ting its fecond diameter AB, the fquare of 
the diameter AB is to the fquare of the? 
diameter DE, J as the fum of the iquares ]u ofthiti 

Q q de~ 
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defcribed upon CB and CH, is to the 

* cor. 4 e. lquare of FH ; and by * inverfron, as the 

'* 5 fquare of the fecond diameter DE is to the 

fquare of the conjugate AB, fb is the fquare 

of FH to the fftm of the fquares defcribed 

. upon CB and CH, half the tranfverfe, and 

^"~ ^X *4~ * ts ^ € g I ? ient intercepted between the line 
t«H<n«> r ( j rawn cu tting it and the center. 

P r~ <^f h~* Therefore, If from the vertex of any 
^ *~ 1^!^ diameter, &c. which was to be 

^ma * + ~"T dempnftrated. 

-t*cv»*'* t/ry£ 2im/ ^ XJ ^ or ' From hence, and pro|5. xx. of this, 
^rji cuM^p *- ?*"£ it follows, that if from any point, as 
li***-***^ c ^^_\ K, ill the periphery of an hyperbola, 
** UM * / ~*tfo j>~~^ BK, KL, be drawn an ordinate to the j 
vt^Jr ^T^V** t*** fecond diameter DE, and from F, the ! 
f.^tJUA cs if* * ^^^ vertex of any fecond diameter m the 
w^<L J>J"*^**" hyperbola BK, FG be drawn parallel 
^/^ § %£SZZt° the line KL, the fquare of FG is to 



n#a~ 



^J^^py. efci* t** the lquare of KL, as the rectangle con- 
fa c t~~$k- an***^*tzm$& between EG and GD, is to the 
bfr***^ ** ft ^Z^^ um °^ t ^ ie % uares defcribed upon CD 
</*** :r ^ T ^j^^r^^ CLytviz. half the diameter DE, 
^ :€A ^tiL v*? 4 * **** an( * * ts feg men t intercepted between the 
^^^>- cvJx^Z * "?* center and the liqe KL. For (by the a- 
& ***&**> "* bove prop.) the fquare of DE is to the 
4**"* ^JU*, '*** ^ uare of AB, as the rectangle. contam- 
*ZT^ l^tf & £~* c i between EG and GD ? is to the fquare 
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of GF ; and the fquare of DE is to the 
iquareof AB, * as the fum of the fquares * 21 f this. 
defcribed upon CD and CL, is to the 
fquare of KL ; therefore the fquare of 
GF is to the fquare of KL, as the re<3> 
angle contained between EG and GD, 
is to the fum of the fquares defcribed 
upon CD and CL. After the lame man- 
ner may it be demonftrated, that if from 
#ny point in the periphery of an hy- 
perbola, an ordinate be drawn to a trant 
verfe diameter, and from the vertex of 
any fecond diameter a line be drawn 
parallel to that ordinate, the fquare of 
the line drawn parallel to the ordinate 
is to the fquare of the femi-ordinate, as 
the lum of the fquares defcribed upon 
half the tranfverfe diameter, and its feg- 
ment intercepted between the line drawn 
parallel to the ordinate and the center, 
is to the rectangle contained between, 
the fegments of the diameter intercept- 
ed between its yertexes and the ordi- 
nate: 
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PROPOSITION XXVII. 
Theorem XXVI. 

If from the vert exes of any two conju- 
gate diameters of an hyperbola, ordi- 
nate* be drawn to any third diame- 
ter \ the fquare defcribed upon the 
fegment of that third diameter \ in- 
tercepted between the ordinate drawn 
from the vertex of the tranfuerfe di- 
ameter and the center* is equal to 
the fum of the fquares defcribed up- 
on half that third diameter* and its 
fegment intercepted between its cen- 
ter and th$ other ordinate. But the 
fquafe defcribed upon the fegment of 
the third diameter* intercepted be- 
tween the center and ordinate drawn 
from the vertex of the fecond dia- 
meter* is equal to a retfangle con- 
pained between the figments of the, 
third diameter* intercepted between 
its vert exes and the ordinate drawn 
from the vertex of the tranfuerfe di- 
ameter, 

LE T BK be any hyperbola, CK half 
any tranfyerfe diameter, and CF half 

its 
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its conjugate, and AB any third diameter, 
and from their vertexes K and F let KM 
and FH be drawn ordinates to the diame- 
ter AB ; I fay, the fquare of CM, thefeg* 
ment of the tljird diameter AB, intercept- 
ed between the center and the ordinate 
KM, drawn from the vertex of the tr&n£ 
yerfe diameter KC, is equal to the (inn of 
the -fquares ddcribed upon CB and CH, 
<ui&. half the third diameter, and its fo- 
ment intercepted between its center and ; 
the ordinate drawn from the vertex of the 
fecond diameter FC. From the point K 
draw the line KN * parallel to FC, cut* *i »*•*•*• 
• ting the third diameter AB in N, and from 
F draw FO parallel to KC, cutting the 
fame diameter AB in O ; 

Then becaufe KN is drawn from the 
tranfrerfe diameter KC, parallel to its con- 
jugate FC, KN is a f tangent to the hy- \*ff-wf 
perbola BK, and as MC is to BC 9 $ fo is j cor. i.*% 
BC to NC, and the redangle contained * 4 of tb * 
between MCahdCN is equal to the fquare 
pf CB ; *lfb becaufe FO is drawn from the 
Vertex of the fecond diameter,' parallel to 
its tranfverfe, and cutting the diameter 
AB, and FH is drawn an ordinate to the 

fame diameter AB t as CH i$ to CB, * fo **«• »-/r ? 

' . 24 pf this. 

IS 
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is CB to CO ; wherefore the fquaffe of CB 
is equal to the re&angle contained be* 
tween CH and CO; therefore the redfcr 
angle contained between MC and CN, is 
equal to the re&angle contained between 

?#b.U. CH and CO ; and as MC is to CH, * fo 
is CO to CN. But becaufe KN is paral- 
lel to FC, and KC to FO, the triangles 
ECO, KNC, are equiangular, and as CO 
is to CN, fo is OF to C K ; wherefore as 
MC is to CH, fo is OF to, CK ; alia be- 
caufe KM is parallel to FH, both being 
ordinates to the lame diameter AB, the 
triangles MKC, FHO, are equiangular, 
and as KC is to FO, fo is MC to HO ; 
wherefore as CH is to CjVf , fo is CM to 
HO ; confequently the fqtiare of CM is 
equal - to the redfcangle contained between 
CH and HO. But becaufe OH is any how 
cut in C, the redangle contained between 

t *e. l.%. HO and HC f is equal to the redranglc 
contained between OC and CH, together' 

mS>*£' with thc fqUare of CH> Aat is ' * the fc * uarc 
of CB, together with the fquare of CH ; 

therefore the fquare of CM, thefegmentof 
the third diameter AB, intercepted between 
the center and the ordinate drawn from 
the extremity o£ the tjranfverle diameter 

KQ, 
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KC, is equal to the fiini of the fquares der 
lcribed upon CB half the diameter, and 
CH the fegmeat of it, intercepted between 
the center and the ordinate drawn from 
the vertex of the fecond diameter. 

Likewife I &y, the fquare of CH, the 
iegment of the third diameter, intercepted 
between its center and the ordinate drawn 
from the vertex of the fecond diameter, is 
equal to the re&angle contained between 
„ AM and MB, the fegments of the diame- 
ter intercepted between its yertexes and 
she other ordinate. For becaufe (by the 
above demonstration) the fquare of CM is 
equal to the re&aiigle contained between. 
OH and.HC. But the fquare of MC is 
* equal to the re&angle contained between * *£. i.*i 
AM and MB, together with the fquare of 
BC ; and the rectangle contained between 
OH and HC f is equal to the redangkf se.l*i 
contained between OC and CH, together 
with the fquare of CH ; take away the 
fquare of BC, and the re&angle contained 
between OC and CH, which are eqdal to 
one another, and there will remain the 
fquare of CH, • the fegment of the third 
diameter AB, intercepted between the cen- 
ter and the ordinate drawn fro© the ver- 
tex 
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tex of the fecond diameter, tqual to the 
re&angle contained between AM and MB 
the fegments of die fame diameter, inter- 
cepted between its vertcxes and the otber 
ordinate* 

Therefore, If from the vert exes of 
two conjugate diameters ordinate* k 
drawn to any third diameter \ &c. which 
was to be demonftrated. 
Cor. From hence it Mows, that the dia- 
meter to which the ordinates are drawn 
is' to its conjugate diameter, as the de- 
fiance of any one of them from die 
Center is to the other ordinate. Bc- 
*%%*ftbx. caufe *the fquare of ABis to the /quare 

of ED, as the re&angle contained be- 
tween AM and MB, that is, (by the a- 
bove prop.) the fquare of CH to the 
1 12£. /. i. fquare of KM ; wherefore as AB | is co 
• 1*6 *ft his. DE, fo is CH to KM. Again, becaufe J the 

fquare of AB is to the fquare of DE, as 
the fum of the fquares defcribed upon 
CBandCH, that is, (by the above prop.) 
die fquare of CM to the fquare of FH; 
wherefore as AB is to ED, fo is CM 
to FH. 

• s 

W 
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PROPOSITION XXVIHy 
Theorem XXtfll. 

• 

If the two dxes of hny hyperbola be un- 
equal, the difference of the fquares of 
the two femi-conjugate diameters is e- 
qual to the difference of the fquares of 
the two femi-axes. But if any diameter 
be equal to its conjugate y any other 
diameter is alfo equal to . its conju* r 
gtte i and in this laji cafe the angle/ 
Contained between the ajjymfitotes if 
& right angle; 

LET AB bd atiy hypcrtoU, CS isi& 
CD the two femi-axes, and CG and* 
CA tvfo fenii-cbnjugate diameters,, and \$ 
CB and CD be unequal to one another ; I 
fay, the difference of th£ fqiiare$ defers 
bed upon CB and CO, 1$ equal to the dif- 
ference' of the t\#o fquares defcnlbed tippri' 
CA and CG. For from the points A ancf 
G draw ttfe lilies AH, AM, GK and GL; 
ordinates to the two axes Y 

Then becaujfe the fquarel of AC * is e- *4f£f;£ 
qtial to the two fqiiafes cfefcribed upon CH 
and HA, and the fquare" of CG is equaf 
t& the wo f«jaa?es defct ibed upon* Ct and" 

vp ■ toy 
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LG; therefore the difference of the two? 
(quarts defcribed upon CA and CG, is e- 
quat to the difference of the (um of the 
fquares defcribed upon AH and HC, and 
upon CL and LG. But the fquare of CH 

♦*7 ofthb is * equal to the two fquares defcribed up- 
on CB and CK, and the fquafe of CL is 
equal to the two fquares defcribed upon 
CD and CM ; wherefore the difference of 
the two fquares .defcribed upon CA and 
CG, is equal to the difference of tbe liim 
©f the three fquares defcribed upon CK, 
CB and AH/ and tfoe firm of the three 
fquares defcribed upon CD> CM and GL. 

f f+ft'fcr. But the fquare of AH is f equal to the 
fquare of MC, and the fquare of CK is e- 
qual to the fquare of GL ; take the twtf 
fquares defcribed upon AH and CK, and 
the two fquares GL and MC, from both, 
and the difference between the two fquares 
defcribed upon CA and CG, the rwo fe- 
mi-conjugate diameters, will be equal w 
rhe difference between the two remaining, 
fquares defcribed upon CBandCD the two 
iemi-axea. , 

Again, if any diameter of an fiyperfitf* 
fit be equal to its conjugate, any other ♦di- 
ameter will be equal to its conjugate, and 



i 

j 
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the angle contained between the affym- 
ptotes is a right angle. For let AB be a- 
ny hyperbola, CE and CF its aflymptotes f: 
emd let CA and CB be two tranfVerfe dia- 
meters, and from A and B let EG and HF 
: be drawn tangents, then will EG be * the ?*f> »*•/ 
(econd diameter to the tranfverfe CA, and 
HF the feeorid diameter to the tranfverfe 
CB ; and if CA be equal to EA, I fay, CB 
is alfo equal to BF, and the angle ECF is 
a right angle. For from the point A draw 
AK parallel to the aflymptote CF, cutting 
the other in K, and from B f draw BL pa- U* *• '• l3 
rallel to the aflymptote EC, and cutting 
the other in L ; then becaufe K A is paral- 
lel to CG, { as EA is to AG, fo is EK * i*. 1.6. 
to KC. But EA is equal * to AG, there- *i 7 <>fthh. 
fore EK is equal to KC ; and for the fame 
reafon CL is equal to LF ; and fince EK 
is equal to KC, and KA common, and the 
bafe E A equal to the bafe AC, f the angle t * *• '• «• 
EKA is equal to the angle CKA, and each 
of them right angles. But EKA is £ equal Jijs,/, x < 
to ECF, therefore the angle contained be- 
tween the aflymptote is a right angle ; and 
fince CL is equal to LF, and BL common, 
and the contained angles GLB, BLF, arq 
jright angles, the bafe BC * is equal to the * 4*. h%i 

P p * bafe 
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bale BF ; and confequently the whole 
tranfrerfe 4&meter equ^l to tJF is conju- 
gate. 

Therefore, If the axes of any hyper- 
bola be unequal, the difference of the 
fquares dffcrifad vpoq the two femi-*- 
$es is equal to the difference of the 
fquares defcribed upon any two femi- 
conjugate diameters. But if any dia- 
meter be equal tQ its conjugate, any o^ 
ther diameter is alfy equnl to its conju- 
gate ; and the angle contained between 
the ajjymptotes is a right angle / whi^h 

wa§ lo he 4e^04ftr*ted f 

\* » . 

PROPOSITION XXIX. 

T«EQREM XXVIII. 

. If through the vertexes of two conju- 
gate diameters four right lines be 
drawn tangents to the conjugate hy- 
perbolas, the parallelogram contained 
between thefe tangents is equal to a 
parallelogram contained between four 
tangents drawn through the vertex- 

fs of any other two conjugate diame- 
ters, ' - - 



* V s' < 
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LET AB, ED, be two conjugate dia- 
meters, and through their veitexes 
let tangents be drawn cutting one another 
in thje points L, M, N and O, and let 
FG and KH be two other conjugate dia- 
meters, and through their vertexes let tan- 
gents be drawn cutting one another in the 
points P, Q, R and S ; I lay, the figures 
LMNO, PQRS, are parallelograms, and 
equal to. one another. For from the points 
jG and H draw the lines GT, GV, HW, 
HX, ordinates to the diameters AB and 
EE>, and let the tangents GQ^and RH 
cut the diameter. ED in the points Y and 
% ; complete the parallelogram CTaY ? 
and join the line GY ; 

Then becaufe LM is a tangent drawn 
through A the vertex of the tranfvcrfe di- 
ameter AB, and ON is a tangent drawn 
through its other vertex; therefore * ON *» *'/'*& 
is parallel to LM ; for the feme realbn LO 
is parallel to MN ; confequently the figure 
LMNO is a parallelogram; and for the 
fame reafbn the figure PQRS is a paralle- 
logram. Again, becaufe H Y is a tangent 
cutting the tranfverfe diameter CD in Y, 
Vid HW is an ordinate to the lame dia- 
meter, drawn from the point of conta&, 
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fur.ufr. * as CY is to CD, fo is CD to CW. Bat 
i+0j t$$. jj Ccan ^ Hty 9 QY 9 arc ordinates to the 

lame diameter ED, and drawn from the 
* €$r / r ?t' vertexes of two conjugate diameters, f as 
%1 *** CD is to CB, fo is CW to GV, or Ya, 
which is equal to it ; then becaufe the 
three magnitudes CY, CD and CB, and 
the other three, CD, CW and Ya, are 
two and two in ordinate proportion, they 
they will be in proportion by equality, 
UiE A.%. j as CY is to CB, fo is CD to Ya; and 
*v*e.Ui. the angles BCD, CYa, are * equal, there- 
fore the parallelogram J5CDN is equal to 
the parallelogram £TaY. But the triangle 
tji BA.%. CGY f is half the parallelogram CTaY, 
and the fanje triangle^CG Y is alio half the 
parallelogram CGQH ; wherefore the pa- 
rallelogram CGQH is equal to the paral- 
lelogram CTaY, th*t is, the parallelogram 
PCDN ; and confequently the whole pa? 
rallelogram LMNO, which is quadruple 
the parallelogram BCDN, is equal to the 
parallelogram PQRS, which is quadruple 
the parallelogram CGQH. 

Therefore, If from the vertexes of 
two conjugate diameters four tangents 
be drawn to their conjugate hyj>erbolas x 
the parallelogram contained between 

them. 
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h ,hem is equal to a f>arallelbgram con- . 
\ained between the tangents drawn from 
the isertexes of any other two conjugate 
diameters ; which was to be dcmonftra- 
ted, 

PROPOSITION XX& 

♦ 

Theorem XXIX. 

» 

If dfij tangent t6 an hyperbola cut two 
conjugate diameters, the reftangUf 
contained between the fegments of 
the tangent, intercepted between the' 
point of contact and thefe diameters, 
is equal to the fquare of the fcmi di- 
ameter conjugate to that drawb 
through the point of (font aft. 

LE T H b€ in dte periphery of the hyv 
perbola DH, and from H let the tan- 
gent HY be drawn, cutting the two con- 
jugate diameters AB and ED in the points 
Y and b, and let the diameter FG be con* 
jugate to KH, drawtf through the point 
of contact; I fay, the rectangle contain- 
ed between bH and HY is equal to the 
%Bare of CG« For through the points G - 

an4 J 
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•i i*.*». and H dratt the lines GT and HX * p* 
rallel to ED ; 

Then becaufe HX iff parallel to CY 

f *b. i.e. f as bH is to HY, fo is bX to XC ; con^ 
fequently a rectangle contained betw 
bH and HY is fimilar to a rectangle con- 
tained between: bX and CX. Ami becanfd 
HX is parallel to GT, and Hb to CG; 
the triangles bftX arid CGT are equian- 

1 4M. i. 6. gniar, an d + as Xb is to bH, fo is CT w 
CG ; and fincc the re&angle contained be* 
tweeh bH and HY is fimilar to the re#- 
apgle contained between bX and XC, 
whole homologous fides are bH and bX, 
and the fquare of CT is fimilar to rh? 

faajf./. 6: f^u^ re de&ribed upon CG ; wherefore * as 

the redtangle contained between bH and 
HY is to the re&anglc contained between 
bX and XC, fb is the fquare of CG to the 
fquare of CT. But the ! re<$arigle cohfeiff-' 

| s e. I. a. ed between bX and XC f is eqiial to the' 
re&angle contained between bC and CX, 
together with the fquare of CX, and the 
re&angle contained between bC and CX 

•ur.x.fr. is * equal to the fqirar6 of CA ; alfb the 

%tfrfM$. i k mrQ of cx fe cc l ual t t0 thc Wangle 
contained between BT aad TA; wBerd' 

%e the redangle contained between b% 



¥• 
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&nd XC is eqlialto the fquare of GA, to- 
gether with the rectangle contained be- 
tween BT arid TA, that is * the fquare ¥ ' E - *•»; 
of CTV Confequeritly the' re&angle con- 
tained between bH aqd HY, the fegments 
of the tangent, intercepted between the 
point of contad and the conjugate diame- 
ters cut by it, is f equal to the fquare of\nE.i.\. 
CG, the femi-diameter conjugate to HK', 
drawn through the point of contact. 

Therefore, If any tangetit to an hy- 
perbola cut two conjugate diameters, 
the reSfangti contained between the fig- 
ments of the tangent y intercepted be- 
tween tht point ofcontfllt and thefe di- 
ameters, is equal to the fquare defcri* 
bed upon the femi-diameter i conjugate y 
to that dfawn through the point of con* 
taff i which was to be demonftrated, 

PROPOSITION XXX!. 
Theorem XXX. 

If from any point in the peripherj/ of 
an hyperbola^ an ordinate be drawn 
to a tranfverfe diameter \ and from 
the vertex of the . fame diameter d 
fine be drawn perpendicular to it, e- 



«¥*-• 
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qual to its latus reffum, the fquare 
of the femi-ordinate is equal to the 
refiangle contained between the dh 
fcifs and the latus rettum, exceeding 
in figure by a r ett angle fi/nilar to the 
re&aygle contained between the dia* 
meter and its latus reffum. 



L 



ET AG be any hyperbola, AB atrani- 
verfe diameter, and D the center, and 
from C let CE be drawn an ordinate to the 
diameter AB, cutting it in F, and from its 
yertex A let AG be drawn at right angles 
to AB, equal to its latus reduni, and com- 
plete the redangle BAGH; through F 
draw FK parallel to AG, which cuts BG: 
produced in K ; I fay, the fquare defcri- 
bed upon FC the femi-ordinate, is equal 
to the re&angle contained between the ah* 
fcifs AF, and latus re&um AG, exceed- 
ing in figure by a redangle fimilar to 
BAGH, contained between the diameter 

*p £./•!. and its latus re&um. For * through K 
draw KL parallel to AF, and complete 
the parallelogram GMKL ; 

t +E.1.6. Then becauie AG is parallel to FK, fas 
BA is to AG, fo is BF to FK. But as BA 

}*r. 7 ./r. is to AG, ± fb is the re&angle contained 

***** be. 
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between BF and FA to the fquare of CF ; 
wherefore as BF is to FK, fo is the re<3> 
.angle contained between BF and FA to 
the fquare of CF ; and as BF is to FK, fo 
* is the re&angle contained between BF * 1 e. l 6. 
and FA, to the redtangle contained be- 
tween FK and FA ; therefore f as the redt- 1 " &i s- 
angle contained between BF and FA is to 
the fquare of CF, fo is the feme re&angle 
contained between BF and FA to the red:- 
angle contained between FK $nd FA ; con- 
fequently the redtangle contained between 
FK and FA is J equal to the Iquare of the { 9F. /. %; 
femi-ordinate CF ; and the re&angle con- 
tained between FK and FA is a re&angle 
contained between the abfcifs AF, and the 
latus re<Shim AG exceeding in figure by 
the redtangle GMKL, which * is fimilar to *nEj,6i 
the re<5tangle B AGH, contained between 
the diameter and its latus re&um. After 
the fame manner may it be demonftrated, 
that the redangle contained between FK 
and FA is equal to the fquare of CF, al- 
though AG be not at right angles to thQ 
diameter AB. 

Therefore, If from any point in the 
periphery of an hyperbola, an ordinate 
h drawn to any tranfuerje diameter, 

Q^q \ «** 
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and if from the vertex of that diame- 
ter a line be drawn perpendicular to it, 
#nd equal to its latus rettum, thefquare 
fefcribed upon the femi-qrdinate is e- 
qual to the red angle contained between 
its abfcifs and the latus reffum, ex- 
ceeding in figure by a reftangle fimilar 
to the rectangle contained between the 
diameter and its latus reffum s which 
was to be demonft rated (a). 

PROPOSITION XXXII. 
Theorem XXXI. 

- . « •* • 

If from any point in the periphery of 
an hyperbola an ordinate be drawn to, 
a fee ond diameter, as alfo a tangent 
cutting the fame diameter, and from 
the extremity of the diameter nearejl 
to the ordinate, a Ijne be drawn per- 
pendicular to the diameter, equal to 
its latus rettum, and the extremities 



" ." ■ I ' 



(a) Becaufe the fquares defcribed upon the femi-ordi- 
nate* to ariy tranfve'rfe* diameter being equal to a red- 
angle contained between their abfcifs and the latus re&um, 
exceeding in figure by a re&angle fimilar to the re&angle 
contained between the diameter and its latus're&um, ft 
was/ that Apollonius caLipd this 'cjirve an hyperbola. 



\ 
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imeter and latus reffum, 
ha right line, and front 
of inter fettion of the dia- 
I tangent, 4 line be drawn 
the line joining the extre- 
the diameter and its latus 
and cutting a line parallel 
tus rettum, drawn from the 
' interferon of the diameter 
indte ; the fquare of the fe- 
tate is equal to a reElangU 
>d between the fegment of the 
>r, intercepted between the 
and ordinate, and the line pa- 
to the latus re Ft urn, intercept- 
ween the diameter and the line 
t from the interferon of the 
ter and tangent, parallel to the 
oining the extremities of the di- 
' er and its latus re Slum. 

* 

* AB be any hyperbola, CD a {$? 
>nd diameter, and K its center, and 
die point A let AE be drawn a fe- 
din^te to CD, cutting it in E, and 
tangent cutting it in F, and fjrom C 
attreinity of the diameter neareft to 
ordinate, % let CG be drawn perpendi- 
cular 
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cular to, and equal to the latos re&um of 
CD and GD joined, and from the points 
E and F let EH be drawn parallel to GC, 
and FH parallel to GD, cutting HE in H ; 
I fay, the fquare of the femi-ordinate AE 
is equal to the redtangle contained be- 
tween KE and EH. Becaufe GC is the 

*T7£ r ' ^ atus re( ^ um of d* diameter CD, * CD 
is to CG as the fiim of the fquares defers 
bed upon KD and KE is to the fquare of 

t^r. up. AE. But the fquare of KD f is equal to 
the re&angle contained between FK and 
KE, and the redtangle contained between 

f zE.l.i. FE and EK £ is equal to the redtangle 
.contained between FK and KE, together 
with the Iquare of KE ; wherefore as DC 
is to CG, (b is the re&angle contained 
between FE and EK t<f the fquare of AE. 
But becaule GC is parallel to HE, and 
GD to HF, the triangles DCG, FEH, are 

*4£. 1.6. equiangular, and * as DC is to CG, fb is 

jtiE.l. 5 . FE to HE ; wherefore f as FE is to HE, 
fb is the re&angle contained between FE 

i ie. 1.6. and EK to the fquare of AE: But as $ FE 
is to HE, fb is the re&angle contained 
between FE and EK to the rectangle con- 
tained between HE and EK; wherefore 
as the re&angle contained between FE and 

EK 
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£K is to the fquare of AE, fb is the fame 
rectangle contained between Ffi and EK 
to the re&angle contained between HE 
and EK ; confequently * the fquare of the *9*. /.■>: 
femi-ordinate AE is equal to the re&angle 
contained between HE and EK. 

Therefore, If from any point in the 
periphery of an hyperbola, &c. which 
was to be demonftrated. 

PROPOSITION XXXIIL * 
Problem II. 

Two right lines being given, mutually 
bifefling each other, and cutting one 
another at right angles s to defer ibe 
two oppojite hyperbolas, which have 
thefe right lines for their axes, and 
in fuch a manner as either of them 
may be the tranfverfe axis. 

LE T AB and CD be the two given 
right lines, mutually biie&ing each 
other in the point E, and cutting one an- 
other at right angles ; it is required to de- 
fecribe two oppofite hyperbolas, which 
have AB and CD for their two axes, fa 
as either of them> as AB, may be the 

tran£ 
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tranlverfe one. Join BC, and from each 
fide of the point E make EF and EG each 
equal to BC, and with a rule and threed, 
whole length is fmaller than the length of 

•if. i of the rule by AB, * defcribe two oppofite 
hyperbolas LM and ON, whole foci ait 
F and G, ? thefe hyperbolas will pais through 
the points A and B, and CD will be thctf 
fecond axis ; for if one of thefe hyperbo- 
las does not pals through the point B, let 
it, if pofltbfe, cut the line AB in aiiy ti- 
dier point, as H; then becaufe H is a 
point in the periphery of the hyperbola, 
the excels by which GH exceeds HF will 
be equal to the excels by which the length 
of the generating, ruler exceeds the length 

t i ofthis. of the generating threed, f that is (by the 
eonftrudtion) AB. But becaufe EF is equal 
to EG, and EA to EB, therefore AG is 
equal to BF ; conlequently the excels by 
which BG exceeds BF is equal to AB; 
therefore' the excels by which GH exceeds 
HF is equal to the excels by which G& 
exceeds BF, which is abfurd ; therefore 1 
the hyperbola will pafs through the point 
B. After the lame manner may it be de- 
monftrated, that the other hyperbola will 5 
pals through the point A: Alio I lay, that? 

s 



i 
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<C and D are the extremities of their le-» 
cond axis ; for if C is not one of its ex- 
tf emitiefr, . let K, if poflible, \St one of 
them, which is in the lame fide of the 
tenter . with the point C, aiid join K B , then 
Will KB be * eq«al t6 EF. . But CB i$ c- * U t# 
qual td EF, therefore CB, KB, are equal'*"* 
to, one another, which \s abfttrd; where- 
fore the hyperbolas LM and ON are twtf 
oppofite hyperbolas defcribfed, which have 1 
the two given right lilies mutually bifedt- 
ing each other, and cutting one another 
at right angles for their two axes ; which 
i&ds to be done: 

FKOPOSITfoitf XttW; 
Problem IIL< 

With a giijen line, and a given fdmp 
out of it,' to defer ibe an Joy per bo Id,' 
which has the given right line for* 
one of its axes, and which will faff 

through the given fctinf, 

, . ■» . 

Cafe iv IT 7 H E N the givfif fight hrnf 
VV is the tranfverfeaxiS.ihthiS'' 
dafe it t^neceilary that 1 the giveh pbiiitbe* . 
ftf ftx# a pofitioil, fobt a 1 line -drawn- from" 
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it, perpendicular to the given line, cut it 
produced. 

Let AB be the given rigfet fine, and L 
the given point, it is required to defcribc 
an hyperbola which has AB for its franf- 
verfe axis, and which Will pals through 
the given point L ; from L draw LH per- 
pendicular to AB, cutting it produced in 
H ; find a third proportional to BH and 
itiE.t.6. HL, * which let be HP, and let HP be 
drawn from the point H at right angles to 
AB ; complete the right angled parallelo- 
gram BHPQ; j°* n t ^ e ^ e AP, which 
cuts the line BQ^ in R ; find a mean pro- 
fit £./. 6 portional between AB and BR, f which 
let be CD, and let CD and AB be fo pla- 
*■ ced as mutually to bifedt each other, and 
cut one another at right angles ; defcribc 
J33 of thh. t the hyperbola BM, which has AB and 
CD fo* its tWo axes-, fo as AB may be the 
tranfverfe one : I fay, rhe hypferbola B1V4 
will pals through the point L. For be- 
caufe CD is a mean proportional between 
* c*t.prq. AB and BR, * the fquare of AB is to the 
ao EA '*■ fquare of CD, as AB is to BR. But AB 
f ♦£. (.4. is to BR f as AH is to HP, and as AH 
t lE.l.t.is to HP, fo is £ the re&angle contained 
between AH and HB, to the tc&angk 
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.Contained between HP and HB, that is, (s<* **.&. 

the fquare of LH ; wherefore * the fquare **»*•■<•*? r £$ e( „tu* 
of AB is to the fquare of CD, as the red- ^ m^ r^+u* r**y 
^ngle contained between AH and HB is u *~~* ""^ 
to the fquare of LH ; confequently the c ^^^c^,. t$% 
point L is f in the periphery of the hy- 1 * tfM& &«*<* c $ 
perbolaBM ; wherefore the hyperbola BM ^ 2 ^^ ^Jj^ 
is defcribed, which has the given line AB **jX^ h ?& 
for its tranfverfe axis, and pafles through 3^it^5%i) 
the given point L ; which was to be done, - ££*£Z**? $£ ^ 
Cafe z. When the giveij lin$ is the fe- <££/*"* O*' J ' > 
cond axis. * yw^** A^^Tf 

Let CD be the given line, and L the *• * ^ ££' 
giveji point, it is required to defcribe an ™ ? *f *9 
hyperbola, which has CD for its fecond J*^V ^ W**<w7<l 
axis, and wjiich will pals through the gi- ^^ ^ /~<**>* 
ven point L ; draw LS perpendicular to ^ ^ ^ cv +* 
CD ; bifed CD in E ; % find a third pro- *io*./. 1: ^ *£ 
portional to SE and ED, * which let be *u *,/.*,' £**.</. *a 
ET ; as alio a third proportional to SE ** ^ ^ / * 
and SL, which let be SX, and let it be *„* u [17 «- lt J 
perpendicular to CD, drawn from the point *u /-~~ <f **' * 
S ; join XT, and from the points C and ^^T ** *£%•«**; 
D draw f CV parallel to SX, and DV pa- f 3 i£,j. j; 4/ l$ a* 
rallel to TX, meeting CV in the point V; ^ U*"* 4 coU 
find a mean proportional between VCand ** ^ V-***^. 
CD, f which let be AB, and let AB cuttuRMj; ^ " 
CD in E, fo as to be bife&ed, apd to cut <^^^ ******** 

R r x it **" < ^ ~*7 

7f -c^- 0? ep , 
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J ***** 4 xt at r '§^ lt ^S^ 5 defcribe ^e hyperbola 

£" UitftkU. bm, * which has the two right lines AB< 

rf c v \* * ***- GD, mutually biieccing each other, and 

1**lo/*<- *j Ah • tutting one ' another at right angles for its 

g^ey**"*^ (? mj J)bxcs 9 (b as AB may 8e the tranlverfe one; 

pu Sy**'' 1 4 f*J?L I foy> the hyperbola BM will jpafs through 

•fr^ ** , 40 ^ the point L. For becaufe AB is a mean 

4 ^ & ** proportional between CD and CV, CD is 

**. / > ft'*°* # to CV t as the fquare of CD is to the 

t*)""*- '' (quare.of AB. But as CD is to CV, ibis 

fW~ **Jj|- {-J- TS to SX f i and as TS is to SX, * fo is 

*4 *******fc t h e redangle contained between TS and 

* jjju fa i *k^E> to the re&angle contained between 

Z^-wjs**** * M SE arid SX; but thp rectangle contained 

^jj. a** t?7* j - 6 ' between SE arid SX f is equal to the 

pi foro . *? ? ^; '; i iqpare of LS ; wherefore \ as the fquare 

f *^* r {rUtccaj °f CD is to the fquare of AB, fo is the 

f,u< / IC ^!r ^r^r** re&angle contained between TS and SE 

1^ >' ^j£*~to the fquare of LS. But the re&anglq 

4^7 £* :3^.i*. contained between TS and SE, * is equal 

^m^^^J^^o the redangle contained between TB 

""**. ^* ,7 and ES ' that is, the fquare of ED, \ to- 

fyJtj^L j> 4*i<k*i£ gether with the fquare of SE ; therefore 

^**L (#6***) *~ as the fquare of CD is to the (quare of 

ti r*~*- \ a At °- AB, *° * s t ^ lc " im °^ c ^ e ^l uares delcribed 

^ tT^J * 'P^P 011 ED and Es t0 tne %uare of LS ; 

jz,} +~** * «»/'*«• consequently the point L | is in the peri. 

£y "i flfrJ^T^phcry °^ c ^ e hyperbola BM; wherefore 

l!/*4 ^/^^ «• " ~ATf ~ ^-/u^^-y die 
C i to^^* * M ""^ ^ ^*" A * « ^ A~te 
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che hyperbola BM is deicribed, with the 
given line CD for its fecond axis, and 
'pafles through the given point L ; which 

} twas to be done. 

* ... 

PROPOSiTION XXXV, 
Problem IV. 

jin hyperbola being given, to find it$ 
diameters, its center, ifs axes } its fo* 
ci and ajjymptofes. 

LET ABC be an hyperbola, it is re- 
quired to find its diameters, its cen 7 
ter, axes, aflymptotes and foci. Draw 
any two lines, as AC and DE, parallel 
to one another, and terminated bpth ways 
by the periphery in the points A, C, D 
and E; bifed the lines AC, DE, * inF *io£./.i; 
and G ; join the line FG : Then becaufe 
FG bife&s two lines terminated by the 
hyperbola, and parallel tq one another, 
f it is a diameter, After the fame manner W-« £r, 
inay any other diameter be found; and 
the point where they cut one another, as 
in H, % is the center. The center H be- i def. 4 */ 
ing found, as above, to find the axes : * hlSm 
Take any point in the periphery, as A, 

j 01a 
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join HA, and about the center H, wi 

the diflance HA, delcribe a circle ; if that 

circle cut the periphery of the hyperbola 

in no other point than A, then will HA 

be the finalleft of all the tranfverfe diame- 

*^r./r.4ters, and confequently * is the tranfverfe 

'** "" ;uris; but if the circle cut the hyperbola 

in any other point, as G, join the line 

AC, bifedfc it in F, and join HF, which 

cuts the hyperbola in B, HB will be half 

the tranfverfe axis. For through B draw 

BK parallel to AF ; then becaufe AF is e- 

\ def. 1 #/ qual t0 pc, AC is $ an ordinate to the 

this, ' 

diameter HB ; wherefore BK, which i$ 
Xntfthh. parallel to AF, % is a tangent to the hy- 
perbola, and the angle HBK is equal to 
? 3*. *. 3. the angle AFH ; but AFH * is a right 
angle, wherefore the angle HBK is a right 
f converf* an gj e . confequently f the diameter HB is 

of this, the tranfverfe axis. Again, with the line 
$4s£. /. 1. BF % conflrutft the right angled parallelo- 
gram BFLK, equal to the fquare of AF, 
and make HM equal to HB ; join the line 
♦13 £./.*. ]vjl 5 cu tting BK in N; find * a mean pro- 
portional between MB and BN, which let 
be OP ; let OP be bifedled in the center, 
and cutting MB at right angles, OP will 
be the fecond axis. B?caufe the re&angle 






J 
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BL is equal to the fqua*e of AF, where- 
fore *the fe&angle contained between MF *yi.h $. 
and FB is to the fquare of AF, as the rect- 
angle contained between MF and FB is to - 
the rectangle BL. But f as the re&angle 1 * £• '•«• 
contained between MF and FB is to the 
tfedtangle BL, fo is MF to FL, and asMF 
is to FL,fo is MB to BN; wherefore \ as \\\E.l.%: 
the rectangle contained between MF and 
FB is to the fquare of AF, fo is MB to 
BN. But becaufe OP is a mean proporti- 
onal between MB and BN, MB is to BN 
\ as the fquare of MB is to the fquare of t *"•.*>£* 
OP ; wherefore as the fquare of MB is to 
the fquare of OP, fb is the re&angle con- 
tained between MF and FB to the fquare 
of AF 5 confequently OP is the fecond a- 
Xis ; and make HQ^and HR each 1 equal 
to OB, then will * Q^and jTf be the &-(%{'** 
& ; alfb make BS and BT equal to OH this.' ^ 
and HP, join the lines HT and HS, thefe 
lines HT and HS are % the aflymptotes. tdrf. » *f 
Hence the diameters, the center, the axes, 
the foci and aflymptotes of the given hy- 
perbola* ABC are found ; which was to 
)e done: 



1 
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PROPOSITION XXXVI. 

! 

Problem V.' 

f t " 4 

Two right lines being given cutting one 
another y and a point lying between 
them, to defcribe an hyperbola 'which 
ivill have the given right lines for 
its ajffympioteSy and to pafs throu$ 

the given point. 

* * 

LET ABandBC be two right litfes cbt-' 
ting one another in »3, and D any 
point lying' between AB and BC, it is re- 
quired to defcribe an hyperbola which wilt 
pais through the point P, and which has* 
the given lines AB arid BC for its aflym- 

4 iE. L i. ptotes. Bife<ffc the angle ABC * with the 
line BE, and from D draw DF parallel tot 
BE, cutting AB in F, and BC pfoduce in: 

i i&.l.i. G, and fmake the fquares of BE and BH* 
each equal to the re&ahgle contained be- 
tween GD and DF ; from the point E 
draw the line EA perpendicular to BE,' 
cutting- AB and BC m the points A and 1 

\%\E.L i. c, and through B J draw KL parallel to- 
AC, and make KB and BL each sywl W 
AE and EC, and defcribe the hyperbola 

?ntf this. £M >; * which has the two fight lines HE, 

Ivli/ 
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KL, mutually bife&ing eafch other, and 
cutting one another at right angles for its- 
dxes, fo as HE inay be the tranfverfe one ; 
t fay, the hyperbola EM has the given 
fight lines AB and BC for its aflymptotes, 
dnd paffes through the point D. For be- 
caufe AEC is drawn from the vertex of 
the tranfverfe axis at right angles to it, 
therefore AEC is * a fcingent to the hy- *^ JJ* 
perbola ; and fince AC is equal to the fc- 
cond axis KL, wherefore AB and BC are 
t the asymptotes. Again, becaufe the* 1 ?'/ 11 '/ 1 
fine GFD is drawn parallel to the tran£ 
Verfe axis, from a point within the angle 
ABC, contained between the aflymptotes, 
2nd the re&ahgle contained between GD 
and DF, die fegments of the line intercept- 
ed between the given point and each afc T 
fymptot;e, is equal to the fquare of BE 
half the tranfverfe axis, the point D is tin t «wA. 
the periphery of the hyperbola; where- \ 9 f t hu. 1 
fpre the hyperbola EM is defcribed, which 
has the given lines AB, BC, for its aflym- 
^totes, and paffes through the given paint 
ft i which was to be done. 



L 
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PROPOSITION XXXVII. 

Problem VI. 

Two right lines being given, mutually 
bifetfing each other, to defcribe two 
oppofite hyperbolas, which have ei- 
ther of the given lines a tranjverfe 
diameter \ and the other its fecond 
conjugate diameter v 

E T AB, CD, be two right lines, mtf. 
tually bifedting each other in the point 
E, it is required to defcribe two oppofite 
hyperbolas, which have one of thefe lines, 
as AB, for a tranlverfe diameter, and the 
other, CD, its fecond conjugate. From 

*3 1 £./.i. B draw FBG parallel * and equal to CD; 
fb as FGJs bifedted in B; join FE and 

fa of this EG; then f. defcribe the hyperbola HBK, 
which has FE and EG for its aflymptotesv 
and which pafles through the point B ly- 
ing between them, the line BA is a tranf- 
verfe diameter, and CD is its fecond con- 
jugate. For becaufe FG, terminated by 
the affymptotes; is bife&ed in B* the poirit 
where it meets with the hyperbola, where- 

f com. def. jfore FG is £ a tangent ; and becaufe CD 

wft is. k ( j rawn through tl;e center parallel and 

equal 



j 
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equal to FG, and bife&ed in it, whefe- 
ibre CD is * the fecond diameter to the W^'/ 
tsranfyerfe AB, drawn through the point 
of contadtj; wherefore HBK is an hyper- 
bola deferibed, wliich has one of the gi- 
ven right lines, mutually bife&ing each o- 
ther, for a tranfverfe diameter, and the Or 
tjier for its fecond conjugate ; which was 
to be done. After the fame manner, if 
the aflymptotes FE, C5E, be produced, 
ipay the pppofite hyperbola be defcribed 
palling through the pojnt A, 

PROPOSITION XXXVIIL 
Problem VII* 

With a given right line, and a given 
point out of it, from which point a 
line is drawn cutting the given line, 
it is required to defcribe an hyperbo- 
la which has the given line for a di- 
ameter, and which will fa fs through 
the given point, fo as the other line 
drawn from the given point may be 4 
femi-ordinate to that diameter, 

(Jfje 1 . IT THEN the given line is a tranA 

Y? verfe diameter, in this cafe 

S f \ it 
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it is neceflary that the gives pom t bt in 
inch a pofition, that the line drawn from 
it, which is to be a femi-ordinate to the 
given diameter, cot it produced. 
* Let AB be the given right lice, and C 
a given point oat of it, and from C let 
CD be drawn cutting AB prodded in D, 
it is required to defcribe an hyperbola, 
which has AB for a tranfrerfe diameter, 
patting through the point C, to as CI) 
may be a femi-ordinate to AB ; find a 

♦ii£./.6. third proportional to DB ai^d CD, * as 
DE, and let DE be drawn perpendicular 
to AB ; complete the right angled paral- 
lelogram BDEF; join the lineAE, which 

1 13 £./.<*. cuts BF in <} ; find f a mean proportional 
between AR and BG, which let be HK; 
let HK be placed lb as to be parallel to 
CD, and to bifed* AB and itfelf in the 

fyi/tbis. point L ; and J defcribe the hyperbola 
BR, which has AB and HK for two con- 
jugate diameters, having Aft for the tran£ 
yerfe one: I lay, the hyperbola BR will 
pals through the jriyen point C, and CD 
will be a femi-mmmam to AB. For be* 
caule HK is a mean proportional between 

*cor.zoE. AB and BG, * as AB is to BG, fo is the 
fquare of AB to the fquarc of HK. But 

as 
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as AB is to BG, * fo is AD to DE, mdUB.u. 
as AD is to DE, fo is the re<5tongle con- 
tained between AD and DB, to the red:- 
angle confined between DE and DB; 
.wherefore fas the re&angle contained be- fu/.i.^ 
tween AD and DB is to the re&angle con* 
taiiied between DE and DB, fo is the 
fquare of AB to the fquare of HK ; but 
jthe re&angle contained between DE and 
DB is equal to the iquare of CD ; where- 
fore as the fquare of AB is to the fquare 
of HK, lb is the re&angle contained be- 
tween AD and DB to the fquare of CD ; 
tonfequently J the point C is in the peri- fa of this. 
phery of the hyperbola BR, and CD is a 
femi-prdinate to the diameter AB ; there- 
fore BR is an hyperbola defcribed, which 
has the given line AB for a tranfverfe dia- 
meter, and partes through the given point 
jC, haying CD for a femi-ordinate to that 
diameter ; which was to be done. 

Cafe x. When the given line isafecond 
diameter. 

i 

Let HK be the given right line, and C 
the given point out of it, and from C let 
CM be drawn cutting HK in M ; it is re- 
quired to defcribe an hyperbola which has 
the given line HK for a fecond diameter, 

and 
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. and which will pais through the giva* 
point C, fo as CM may be a femi-ordi- 
aate to HK. Bife& HK in L ; find a third 

?mie.L 6. proportional * to ML and LK, which let 
be LN ; draw MO perpendicular to HK, 
and let MO be a third proportional to ML 
and MC ; join ON, and from H draw HQ 

t*i£./.i. parallel to MO, and from K f draw KQ 
parallel to ON, cutting HQ_ in Q; find 

%xie.\.$ ^a mean proportional between HQ^ and 
and HK, which let be A3, and let it cot 
HK in L, fo as to be Melted and paral- 

*3$ rftbis. kl to CM ; defcribe the hyperbola <* which 
has AB and HK mutually bife&ing each 
other for two conjugate diameters, fo as 
AB may be the tranfrerfe diameter, which 
let be BR : I lay, the point C is in the 
periphery of the hyperbola BR. _ For be 7 
caufe AB is a mean proportional between 

]€*r. 20 r. HK and KQ, f HK is to HQ^^s the fquarc 

L 6 ' of HK is to the fquare of AB ; and be T 
caufe HQ^ is parallel to MO, and QK to 
ON, the triangles QHK and QMN are 

1 4 £. /. «. equiangular, and if as KH is to HQ, fo 

* i£. i.6.13 NM to MO ; but ,* as NM is to MO, 

* * 

. fo is the redtaogle contained between MN 
and ML, to the re<3:angle contained be- 
tween MQ and ML, that is, the l^uarp 

of 
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©f CM ; wherefore * as the fquare of HK UrtLLy 
is to the fquafe of AB, fo is the re<5tangle 
contained between MN and ML to the 
iquare of CM ; but becaufe LK or LH is 
a mean proportional between ML and LN, 
the re<ftaiigle contained between LM and 
l-N f is equal to the fquare of LK; andW^^i 
the re<Stangle contained between LM and 
MN ^ is equal to the redtangle contained 1 3-*'.*j 
between LM and LN, that is, the fquare 
of Lit, together with the fquare of ML; 
wherefore 3s the fquare of HK is to the 
(quare of AB, fb is the film of the fquares 
defcribed upon LK and LM to the fquare 
of CM; confequently the point C * is in***€f*fi" 
the periphery of the hyperbola BR ; where- 
fore BR is an hyperbola defcribed, whidi 
has the given line HK for a fecond dia- 
meter, parting through the given point C f 
having CM for a femi-ordinate to that di* 
ameter ; which was to be done. 

PROPOSITION XXXIX. 
T heorem XXXIL 

If a cone be cut by a plane through its 
axis, alfo by another plane cutting 
the bafe of the* cone in the dire&io* 

of 



318 Elements of Conk SeBions. Book HE 

of a- right line, which is perpenikih 
lar to the bafe of the triangle made 
by the plane faffing through the * 
xisi and if the common feftion of the 
tutting flam \ and triangle made If 
the plane through the axis, and one , 
fide of the fame triangle; meet in 4 
point without the vertex of the conei 
the figure made by the comnion fefti- t 
on of the cutting plane and conic $ 
: fur face is an hyperbola* which has 
the common fe£lion of the cutting 
plane* and the triangle made by the 
plane through the axis f for a tranf 
verfe diameter. 

• _ 

LET A be thfe vertex, arid BDC the 
circular bale of a cone, which is cur 
by a plane through its axis, and let ABC 
be the triangle made by that fedion, and 
let it be cut by another plane cutting the 
bale of the cone in the direction of the 
line DF, which i$ perpendicular to the 
ba£ BC of the triangle ABC, and let EG, 
the common fedion of the cutting plane 
and triangle meet AC, one fide of that 
triangle ABC produced in H, which is 

Without the vertex of the cone, arid let 

DEP 
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» * 

DEF be the figure made by the cutting 
plane and conical furface: I fay, the figure 
DEF is an hyperbola, which has EG the 
Common fe&ion of the cutting plane, and 
triangle through th§ axis, for a tranfverfe 
diameter. For take any point, as K, in 
the fe&ion DEF, and from K draw KL 
parallel to DF, cutting EG in L, and 
through L draw * MN parallel to BC. *he.l i) 

Then becaufeKLis parallel to DG,and 
ML to BG, the plane which pafles through 
ML and LK f is parallel to the plane which t » s*. *• * t: 
pafles through BG and GD, that is, to the 
bafe of the cone BDC; wherefore £ the **7 *.»•«£ 
plane parting through ML and LK is a 
circle which has MN for a diameter ; and 
becaufe BC is perpendicular to DF, where- 
fore * MN is perpendicular to KL; there- *iaS./.ti; 
fore f the fquafe of KL is equal to the J » s*. i. a 
re&angle contained between ML and LN ; 
alio the fquare of DG is equal to the red- 
angle contained between BG and GC. 
Therefore the Iquare of DG is to the fquare 
of KL, as the rectangle contained between 
BG and GC, is to the re&angle contained 
between ML and LN ; but the re&angle 
contained between BG and GC is to the 
re&angle contained between ML and LN 

T t v * in 
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♦i3B./.6. * in a ratio compounded of BG to ML, 
f +*.'.« and of GC to LN; but BG is to ML f as 
GE is to LE, and GC is to LN as GH is 
to LH ; wherefore the ratio compounded 
of BG to ML, and of GC to LN, is e* 
qual to the ratio compounded of GE to 
IE, and of GH to LH ; therefore the 
fquare of DG is to the fquare of KL, in a 
ratio compounded of GE to LE, and of 
\nt-U. GH to LH. But the re&anglc contained 
between GE and GH, is to the rectangle 
contained between LE and LH, in a ratio 

* 

compounded of GE to LE, and of GH 
* j i*./,> t0 Ljf j wherefore * the fquare of DG is 
to the fquare of KL, as the re&angle con- 
tained between GE and GH, is to the 
redtangle contained between LE and LH. 
iitofthls. Let an hyperbola be defcribed, f which 
has HE for a tranfverie diameter, and DG 
for a femi-ordiriate to that diameter ; then 
becaufe KL is drawn parallel to the femi- 
ordinate DG, and the fquare of DG is to 
the fquare of KL, as the re&angle con- 
tained between GH and GE, is to the 
re&angle contained between LE and LH ; 

* f# 7 A/T' w ^ ere ^ ore r ^ e \> omt K is in ^ the periphe- 
ry of the fame hyperbola. After the fame 

manner may it b$ dqraontasd, that e- 

vcry 



Book III. Elements of Conic Sections. 351 

very point of the fe&ion DEF is in the 
periphery of the fame hyperbola ; confe- 
quently the fe#ion DEF is an hyperbola, 
which has EG the common fe&ion of the 
cutting plane, and triangle made by the 
plane through the axis, for a tranfverfe dk 

' ameter. 

Therefore, If a cone be cut by a plane 
through its axis, alfo by another plane 
cutting the bafe of the cone in the dire* 
(lion of a right line, which is perpen- 
dicular to the bafe of the triangle made 
by the plane paffing through its axis } 
and if the common fetfion of the cutting 
' plane, and triangle made by the plane 
through the axis, and one fide of the 
fame triangle produced, meet in a point 
without the vertex of the cone ; the ft-, 
gure made by the common fecJion of the 
cutting plane and conical fur face is an 
hyperbola, which k#s the common fect'u 
on of the cutting plane , and the triangle 
made by the plane through the axis, for 
a tranfverfe dimeter i which was to tlQ 
dempnfttatecj. 

f '• I N I £ 
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